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First principle density functional theory calculations for radially deformed and defective single wall
�8,0� carbon nanotube are reported. Structural changes in terms of radial cross-sectional geometry
and bond length changes are studied for different values of the applied strain for all types of
investigated deformations and defects. Various characteristic deformation and defect energies are
shown as a function of the applied deformation. The nonlinear elastic properties of the radially
deformed and defective �8,0� nanotube are also investigated in terms of the strain energy and applied
force. © 2010 American Institute of Physics. �doi:10.1063/1.3340519�

I. INTRODUCTION

Carbon nanotubes �CNTs� are quasi-one-dimensional
�1D� infinite graphene sheets rolled up into cylinders.1 They
have drawn a great deal of interest because of their unique
properties and potential applications. Nowadays, many stud-
ies are devoted to outstanding mechanical properties of
CNTs, such as their high elastic modulus, strength, flexibil-
ity, and low mass density. CNTs also show reversible defor-
mation in a wide range of elastic bending, buckling, and
torsion, which makes them a key element for polymer com-
posites and nanodevices.2–6 The quasi-1D tubular structure
makes them practically incompressible in the axial direction,
while the radial direction is much more flexible. It has been
shown that radial deformation takes place in bundles of
CNTs due to van der Waals interaction,7,8 or under applied
hydrostatic pressure9,10 or after squeezing the nanotube by an
atom force microscopy �AFM� tip.11,12 The radial deforma-
tion of single wall CNTs changes not only their mechanical
but also their electronic properties. It has been reported in
previous studies, that CNTs can experience metal-
semiconductor transitions and reduction in their conductance
upon radial deformation.13–16

The CNT mechanical and electronic structure properties
can also be modified by the presence of various defects,
which can appear during the CNT growth, purification, or
device production processes. For example, Stone–Wales
�SW� defects reduce the CNT quantum conductance and in-
crease their reactivity upon adsorption of different molecules
and atoms.17,18 Impurities, such as boron or nitrogen atoms,
create donor or acceptor levels in the band structure, break
the mirror symmetry, shift the Fermi level, and improve re-
activity to other compounds.17,19–21 Furthermore, vacancies
can cause significant changes in electronic, mechanical, and
magnetic properties of CNT as well.22–26 In many instances,
however, CNT are subject to radial deformations and defects
at the same time. Since all synthesized nanotubes have some
degree of defects, radially squeezing them may lead to dif-
ferent changes in the electronic and mechanical structure.

Moreover, intentionally creating defects on already deformed
CNT has been used as an additional way to control their
properties.27,28

Being the strongest and stiffest among man made mate-
rials, CNTs are expected to have a key role when strong
nanostructured materials are required. Therefore, better un-
derstanding and characterization of their mechanical proper-
ties are needed. The elastic moduli of CNTs were measured
in several experiments using different methods, such as
transmission electron microscopy or AFM.29–31 The reported
values for the Young’s modulus vary greatly in the range
0.1÷2.0 TPa. These values can be affected by changes in the
environmental temperature, applied load, or measurement
technique. Calculations based on first principle methods have
also been carried out to determine their mechanical charac-
teristics such as the elastic constants, Poisson’s ratio and
Young’s modulus.24,25,32–39 Although ab initio calculations
are quite reliable, they can be very intensive since they re-
quire large amounts of computer resources. At the same time,
continuum mechanics is relatively easy to apply, it does not
require supercomputers, and it has shown reasonable success
in describing CNT mechanical properties.

This work investigates the structural and mechanical
properties of the radially deformed and defective semicon-
ducting �8,0� CNT under large radial deformation. We con-
sider two types of radial deformations by applying different
loads, one – narrower than the tube’s cross-section and the
other – wider than the tube’s cross-section. The first type
corresponds to deformations with a narrow tip or between
two narrow hard surfaces, while the second one corresponds
to deformations with a wider tip or between two infinite hard
surfaces. Also, three isolated defects are studied – a SW de-
fect, a nitrogen �N� impurity, and a monovacancy �MV� lo-
cated at the highest nanotube curvature.

We perform first principle total energy calculations and
analyze the nanotube structural changes in terms of the type
and degree of radial deformation and type of the present
defect. The energy needed to deform the nanotube as well as
the energies needed to form each defect are examined as a
function of radial deformation. We also discuss the relation-
ship between the deformation energy and applied strain in
order to connect the ab initio results with an appropriatea�Electronic mail: yshtogun@cas.usf.edu.
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continuum mechanics description. The nonlinear response of
the nanotube is analyzed in term of applied strain, strain
energies, and applied force.

The paper is organized as follows. The computational
method and model for radial deformation of defective CNTs
are described in Sec. II. The geometry changes, characteristic
energies, and mechanical properties with appropriate discus-
sions are presented in Sec. III. The conclusions are given in
Sec. IV.

II. COMPUTATIONAL METHOD AND MODEL

The presented calculations for the various structural and
energy dependences are performed based on self-consistent
density functional theory �DFT� within the local density ap-
proximation for the exchange-correlation functional imple-
mented in the VASP package.40 This code uses a plane-wave
basis set and a periodic supercell method. The core electrons
are treated either by utilizing ultrasoft Vanderbilt pseudopo-
tentials or by the projector-augmented wave method.41 In our
calculations we use ultrasoft pseudopotentials method. The
�1�1�7� Monkhorst–Pack k-grid is utilized for Brillouin
zone integration with an energy cut-off of 420 eV for all
systems. Also, the relaxation criteria for all systems are
10−5 eV for the total energy and 0.005 eV/Å for the total
force. The constructed supercell for the zigzag �8,0� nano-
tube consists of four unit cells along the z-axis of the nano-
tube and it has dimensions �22.12�22.12�17.03� Å3 after
relaxation. This supercell size is large enough and it avoids
interactions between neighboring nanotubes and also simu-
lates isolated defects in the nanotube network. For the �8,0�
nanotube with a N impurity and MV spin polarization effects
are included due to the unpaired electron or uncoordinated
carbon atom in each defective structure, respectively. Our
calculations correspond to first applying radial deformation
to the CNT and then creating a defect at the highest curva-
ture of the nanotube.

A. Radial deformation

The radial deformation in our study is created by
applying stress �yy along the y-axis on the surface of the
nanotube – Fig. 1. Consequently, the diameter is squeezed in
the y-direction and elongated in the x-direction. Two types of
radial deformation are simulated – one between two narrow
hard walls �wall size�1.5 Å�, and one between two infi-
nitely wide hard walls. To characterize the radial squeezing,
we use the applied strains along the x-axis and y-axis

�xx =
D0 − a

D0
, �1�

�yy =
D0 − b

D0
, �2�

where D0 is the diameter of the undeformed nanotube, a is
major axis connecting the highest curvature regions �along
y�, and b is the minor axis connecting the lowest curvature
regions �along x�. In the case of the narrower deformation,
the y-coordinates of the top and bottom rows at the lowest
curvature are fixed, and all other coordinates are let free. In
the case of the wider deformation, the y-coordinates of the
atoms from the top and bottom flat regions are kept fixed.
Here, we study the radial deformation in 0��yy �0.5 range
for both types of deformation.

In Fig. 1 we show the results for the relaxed structure of
the deformed �8,0� CNT. One sees that for small deformation
�yy �0.35, both types of deformations show little difference
and the nanotube cross-section is elliptical-like. For �yy

�0.35, however, the narrower squeezing results in a peanut-
like structure, while the wider squeezing results in a flat-like
structure. The peanut one is indented on the top and bottom
of the y-axis, while the flat one has two flat parts along the
x-axis. Allowing all coordinates to relax restores the original
circular cross-section of �8,0� CNT, indicating that these
types of deformations are elastic.

B. Defects on the deformed „8,0… CNT

After the �8,0� CNT is deformed and relaxed, a single
defect is created at one of the highest curvature regions as
shown in Fig. 2. The structures are relaxed again by keeping
the appropriate constraints for the radial deformation, as de-
scribed earlier. We consider a SW defect created by rotating
one C–C bond �Fig. 2�b��, a N impurity by substituting one C
atom �Fig. 2�c��, and a MV by removing one C atom �Fig.
2�d�� from the nanotube network. The vacancy creation in
the CNT structure leads to the formation of several meta-
stable MV configurations.42 The most stable MV for the zig-
zag �8,0� CNT is shown in Fig. 2�d�, where the created
nonagon and pentagon of MV are along the nanotube axis.
For a defective nanotube the applied strains �xx and �yy are
also calculated using Eqs. �1� and �2�. However, a of the

FIG. 1. �Color online� The cross-sectional transformation of �8,0� CNT from
circular through elliptical to �a� peanut structure and �b� flat structure at
different degree of radial deformation.

FIG. 2. �Color online� The relaxed structure of �8,0� CNT at �yy =0.25 with
�a� no defect; �b� SW defect; �c� N impurity; �d� MV. The bonds on the
highest curvature region are denoted.
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deformed-defective nanotubes is measured along x-axis as
the distance from the defect to the opposite side of the nano-
tube for �xx. For example, the measured distance for the �8,0�
CNT with the SW defect is between CC9 bond and the op-
posite site of the tube; the measured distance for the �8,0�
CNT with N is between the N atom and the opposite nano-
tube site, and the measured distance for the �8,0� CNT with
MV is between CC10 and the opposite site �Fig. 2�. Releas-
ing all coordinates restores the circular form of the nanotube
with the defect on its surface, thus the tube is elastic regard-
less of the defects present.

III. RESULTS AND DISCUSSION

A. Structural changes in the deformed and defective
CNT structure

We first present results for the structural changes in the
deformed and defective tubes. Figure 2 shows the relaxed
structure for the radial deformation �yy =0.25 for all studied
defects. Also, Fig. 3 shows the evolution of several C–C
bonds for the defect free CNT as well as the C–C bonds
involved in the defects �denoted on Fig. 2� as a function of
applied strain. Figure 3�a� indicates that the CC1 and CC2
located at the highest curvature region experience the most
significant changes as the CNT is squeezed. The CC1 bond

decreases by 0.04 Å, while the CC2 bond increases by 0.05
Å for �yy =0.0÷0.5. The presence of the N atom does not
disturb significantly the CNT structure and similar behavior
is found for the CNT with N impurity �Fig. 3�b��. However,
due to the larger size of the N atom, the studied bond lengths
are smaller as compared to the defect-free CNT.

The bond length changes involving the SW defect are
shown on Figs. 3�c� and 3�d�. Again, the CC1, CC2, and
CC8 bonds situated at the highest curvature are the ones that
show most significant changes as a function of �yy. The C–C
bonds for the CNT with a MV show most dramatic changes
�Figs. 3�e� and 3�f��. In particular, the CC10 decreases by
0.08 Å, while the CC9 increases by 0.03 Å, and CC2 in-
creases by 0.04 Å for �yy =0.0÷0.5. One also notices that
several of the bonds show discontinuous functional depen-
dence as a function of �yy, while for the N and SW defects all
bonds are rather smooth.

Figures 2 and 3 indicate that there is practically no dif-
ference in the deformed CNT structure for both types of
deformation until �yy =0.35. After that, small changes are
found for all cases, except for the CNT with MV, for which
there are larger deviations for several of the C–C distances.

B. Energetics of the deformed and defective CNT

We further calculate the different deformation and defect
formation energies. The energy needed to deform a defect-
free CNT E�

f and the energies needed to create the different
defects E�/Defect

f are calculated as follows:

E�
f = E� − E , �3�

E�/SW
f = E�/SW − E�, �4�

E�/N
f = E�/N − E� − �N + �C, �5�

E�/MV
f = E�/MV − E� + � , �6�

where E� – the total energy for the deformed CNT, E – the
total energy for the undeformed perfect CNT, E�/SW,N,MV –
the total energies for the deformed CNT with the appropriate
defect, �N,C – the chemical potentials for a free nitrogen and
carbon atoms, respectively, and � – the chemical potential of
a carbon atom in the nanotube as an energy per C atom.

In Fig. 4, we show how E�
f and E�/SW,N,MV evolve as a

function of the applied strain �yy. The deformation energy for
the defect-free CNT increases nonlinearly as the strain is
increased. This increase is larger for the flat CNT as com-
pared to the peanut one ��yy �0.35�.

It appears that it costs more energy to create a MV on
the �8,0� CNT �E�/MV

f =5.43 eV� as compared to creating a
N impurity �E�/N

f =3.26 eV� or a SW defect �E�/SW
f

=3.02 eV� at �yy =0.0. This follows from the fact, that the
MV introduces much bigger disturbance in the CNT and it
requires breaking three carbon bonds to form one MV defect.
For all studied cases, the defect-formation energy decreases
nonlinearly as a function of �yy, indicating that it is easier to
form the defect on already deformed nanotube. This decrease
is the largest for the MV – 1.43 eV. Substituting a N atom in
the �8,0� CNT does not change E�/N

f for �yy �0.25 and the

FIG. 3. �Color online� Bond lengths as a function of deformation for �a� a
defect-free �8,0� CNT; �b� �8,0� CNT with a N impurity; �c� and �d� �8,0�
CNT with a SW; �e� and �f� �8,0� CNT with a MV defect.
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changes in E�/N
f is �0.81 eV. Apparently, rotating a C–C

bond on highly deformed CNTs is the easiest process since
E�/SW

f �0.2 eV is the smallest at �yy =0.5, while the changes
in E�/SW

f is �1.00 eV. There is also little difference in en-
ergy for flat and peanut tube, except some small deviations
for the SW and MV defects for �yy �0.35.

C. Elastic properties of the „8,0… CNT

Here we discuss the elastic properties of the deformed
�8,0� CNT. The generalized Hook’s law for nonlinear elastic-
ity gives the relation between the applied stress �ij and the
strain �ij in the system as follows:

�ij = Cijkl�ij + Cijklmn�ij�mn, �7�

where Cijkl and Cijklmn are the second and third order elastic
constants, �ij is the stress tensor, and �ij is the strain tensor.
There is no applied stress along the x-direction, therefore, for
the CNT one obtains:

�xx = C11�xx + C12�yy + C111�xx
2 + 2C112�xx�yy + C122�yy

2

= 0, �8�

where we have used the contracted Voight notation for the
indexes in Ciikl and Ciikkmm as C	
 and C	
�, respectively.43

The solution of the quadratic Eq. �8� gives �xx= f��yy�. Taking
Taylor expansion with respect to the parameter �yy �1.0, we
find the approximate expression

− �xx = ��yy + �yy
2 , �9�

where

� =
C12

C11
, �10�

is the Poisson’s ratio and

 =
C11

2 �C112
2 − C111C122� − �C11C112 − C12C111�2

C11
3 C111

, �11�

is the nonlinear contribution. The calculated results for �xx

versus �yy are given in Figs. 5�a� and 5�b�. Performing poly-
nomial regression analysis, we can estimate the values of the
constants � and  �given in Table I�. Figures 5�a� and 5�b�
show that there is very good agreement between the ab initio

results and the regression analysis curves for the �8,0� CNT
with or without defects.

One finds that the Poisson ratio and the absolute value of
the nonlinear term are always larger for the peanut CNT as
compared to the flat one for all cases. Also � for the defect-
free CNT is the largest, while � for the CNT with a MV is
the smallest. The same is true for ��, except for SW and N,
where �� have similar values as the defect-free nanotube.

The energy change per atom as a function of applied
strain can also be obtained using classical theory of elasticity.
Using the generalized Hooke’s law, the energy change per
atom �E= �E��xx ,�yy�−E�0,0�� /N, with N being the number
of atom in the supercell, is44

�E =
1

2�ijkl
Cijkl�ij�kl +

1

6�ijklmn
Cijklmn�ij�kl�mn + . . . .

�12�

For the radial deformation of CNTs there are only two com-
ponents of �ij such as �xx and �yy. Thus, substituting Eq. �9�
into Eq. �12� one obtains �E as a function of �yy

�E 	 A2�yy
2 + A3�yy

3 + A4�yy
4 + A5�yy

5 + A6�yy
6 + O��yy

7 � ,

�13�

where the An for n=2÷6 contain combinations of the
second-order and third-order elastic constants. In Figs. 5�c�
and 5�d� we show the calculated results for �E as well as the
polynomial regression analysis using Eq. �13�. The agree-
ment is very good. The fitting constants An are calculated and

FIG. 4. �Color online� Deformation and defect formation energies as a func-
tion of applied strain �yy for peanut and flat �8,0� CNT structures.

FIG. 5. �Color online� �a� and �b� Nonlinear response of strain �xx, �c� and
�d� strain energy changes per atom, �e� and �f� applied forces on the CNT
surface for peanut and flat deformations in defect-free and defective �8,0�
CNT, respectively, as a function of the applied strain �yy. The dots are DFT
calculated data and the lines show the regression fitting analysis.
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listed in Table I. �E displays similar values and similar be-
havior for the deformed �8,0� CNT with or without defects.

The force per unit circumference applied to the radial
direction along y-axis is the first derivative of the �E

F =
��E

��yy
= 2A2�yy + 3A3�yy

2 + 4A4�yy
3 + 5A5�yy

4 + 6A6�yy
5 .

�14�

The dependence of F as a function of the �yy strain is shown
in Figs. 5�e� and 5�f�. There is very little difference between
the force to deform a defect-free or a defective nanotube.
The variation in F is very close to linear for �yy �0.20. In the
0.2��yy �0.3 for the peanut as well as for the flat CNT
regions, the curve changes its slope becoming more flat. This
is an indication of the onset of the nonlinear contribution to
F. After that the force functionality changes its slope again
showing a steep increase as �yy becomes larger. This behav-
ior is much more pronounced for the flat �8,0� CNT. Thus
larger force is needed to deform the CNT into a flat shape as
compared to the force needed to deform the nanotube into a
peanut one.

IV. CONCLUSIONS

In conclusion, we have reported first-principal calcula-
tions based on DFT to study properties of a radially de-
formed and defective �8,0� CNT related to its structure, en-
ergetics, and elasticity. We find that the C–C bonds located
on the highest curvature of the CNT as well as the ones
comprising the SW, N, or MV defects are the ones that ex-
hibit the most significant changes as a function of radial
strain. The energy to deform the nanotube is very similar in
values for both deformations at smaller strain and it is higher
for the flat deformation than the peanut one for larger stain.
We find that the defect formation energy decreases as the
deformation increases for all defects, however, E�/MV

f is sig-
nificantly larger than E�/N

f and E�/SW
f . Finally, the nonlinear

elastic properties of the �8,0� nanotube are also studied using
the Hooke’s law continuous model. We were able to obtain
very good agreement between the ab initio calculated results
and polynomial regression analysis fitting by taking a qua-
dratic nonlinear term in the �xx versus �yy relationship. The
elastic energy per atom and the force necessary to deform the
tube show large nonlinear contributions at �yy �0.2 for all
cases. The presences of defects in the nanotube structure

decrease the Poisson’s ratio and nonlinear coefficient as
compared to the defect-free nanotube.
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