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1. Introduction

Vacuum fluctuations of the electromagnetic field in the presence of macroscopic objects boundaries give rise to Casimir forces. These
are long-ranged, quantum mechanical in nature forces which can couple electrically neutral objects with no permanent electric and/or
magnetic moments [1–6]. Casimir forces are of increasing importance in many scientific and technological areas. In particular, the man-
ifestations of long-range forces in the nanoscale have led to the need of better understanding of their contribution in relation to the
stability of different physical systems as well as the operation of various technological components and devices [7,8].

Furthermore, structures such as multiwall carbon nanotubes consisting of cylindrically wrapped graphene sheets or multiwall boron
nitride nanotubes consisting of boron nitride layers have been shown to be stable due to long-ranged forces [9–12]. Oscillating carbon
nanotubes or buckyballs inside a stationary carbon nanotube have been demonstrated and also related to such long-ranged forces [13–15].
Casimir forces have been found to be important in relation to unwanted effects causing erratic behavior, such as friction, adhesion, and
wear in small scale devices [16]. Also, much progress has been made in experimental techniques in measuring Casimir forces with high
accuracy in systems with non-trivial geometries [1–3]. Therefore, qualitative and quantitative knowledge is needed in order to be able to
understand and monitor such long-range forces in various systems.

The important factors influencing the Casimir forces are the geometry and dielectric and/or magnetic properties of the involved ob-
jects [17]. Different geometries, topologies or types of materials can have a profound effect on the magnitude and sign of the Casimir force.
For example, for many systems, such as closely spaced parallel conducting surfaces and plates the force is found to be attractive [18–21].
However, for others, such as a dielectric ball it is found to be repulsive [22]. In addition, for a full dielectric cylinder it was calculated to
be zero [3,5], and for a medium of excited atoms it can be repulsive or attractive depending on the atoms resonance frequency [23].

Several theoretical methods have been developed to calculate the Casimir effect in non-trivial geometries. These include macroscopic
quantum electrodynamics of dispersing and absorbing media [1], proximity-force approximation [24], semiclassical approximation [4,25],
optical approximation [26], and path integral methods [27]. Another approach of particular interest is the mode summation method which
has been applied to systems having constant dielectric and magnetic properties with circular [28], spherical [29–31], and cylindrical [3–6]
geometries. It involves representing the Casimir energy as a sum of the zero-point energies of the electromagnetic excitations supported
by the system and utilizing complex contour integration techniques.

In this work, we apply the mode summation method to calculate the Casimir energy of a system consisting of many infinitely long,
infinitely thin, and perfectly conducting concentric cylindrical shells immersed in a medium. After the electromagnetic modes are de-
termined, the energy is written in terms of a contour integral in the complex frequency plane with two infinite sums over the roots
of the mode dispersion relation at a fixed value of the angular momentum and over the angular momentum. To remove the occurring
divergences, the vacuum energy of the infinite homogeneous space is subtracted [3–5]. Our interest in such a system is motivated by
the existence of cylindrical structures, such as carbon multiwall nanotubes made out of metallic shells [32,33]. Our goal is to present a
qualitative model of the importance of the cylindrical geometry curvature, number of layers and radial size in the Casimir interaction in
such cylindrical structures.
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Fig. 1. Infinitely long perfectly conducting and concentric cylindrical shells immersed in an infinite medium. The axial direction is perpendicular to the page. The radii of the
shells are Ri where i = 1,2, . . . , N .

The Letter is organized as follows. In Section 2, we present the model of the considered system and the mode summation approach. In
Section 3, the calculations and results obtained for the Casimir energy for the system of perfectly conducting concentric cylindrical shells
are shown. The Conclusions are given in Section 4.

2. Casimir energy

2.1. Electromagnetic modes

The system under consideration is shown in Fig. 1 and it consists of infinitely long concentric cylindrical shells with radii Ri immersed
in an infinite medium. There are N of them and they are infinitely thin and perfectly conducting. In order to use the mode summation
method, the electromagnetic modes supported by the system are found by solving the Maxwell’s equations with appropriate boundary
conditions across each interface for perfect conductors [34].

Using the cylindrical symmetry of the system, the z-component of the electric and magnetic fields in cylindrical coordinates (ρ, θ, z)
can be written as:

Ez =
∞∑

n=−∞

[
An Jn(χρ) + Bn H(1)

n (χρ)
]
einθ ei(kz z−ωt), (1)

Bz =
∞∑

n=−∞

[
Cn Jn(χρ) + Dn H(1)

n (χρ)
]
einθ ei(kz z−ωt), (2)

where kz is the wave vector along the infinite z-direction, ω is the frequency of oscillations and χ2 = ω2 − k2
z . Jn(χρ) and H(1)

n (χρ) are
Bessel and Hankel functions of first kind of order n. The rest of the components for the electric and magnetic fields can easily be derived
from Maxwell’s equations [34].

The coefficients An , Bn , Cn , Dn are unknown and they are found by imposing the appropriate boundary conditions. These are the
Dirichlet and Neumann boundary conditions for perfect conductors which imply the z-component of the electric field and the normal
component of the magnetic field to vanish on each surface, respectively [34,35]:

An Jn(χ Ri) + Bn H(1)
n (χ Ri) = 0, (3)

Cn J ′
n(χ Ri) + Dn H ′ (1)

n (χ Ri) = 0, (4)

for each Ri from Fig. 1. Also, J ′
n(x) = d Jn(x)/dx and H ′ (1)

n (x) = dH(1)
n (x)/dx. Eqs. (3) and (4) can easily be solved giving the dispersion

relations for the frequency of electromagnetic oscillations which can be classified as transverse electric (TE) and transverse magnetic (TM)
modes [36,37]. For the TE modes, the frequency ω(kz) is found by solving

Jn(χ R1) = 0, r < R1,

Jn(χ R j)H(1)
n (χ R j+1) − Jn(χ R j+1)H(1)

n (χ R j) = 0, R j < r < R j+1,

H(1)
n (χ RN ) = 0, r > RN , (5)

where j = 1,2, . . . , N − 1.
For the TM modes, the frequency ω(kz) is found by solving

J ′
n(χ R1) = 0, r < R1,

J ′
n(χ R j)H ′ (1)

n (χ R j+1) − J ′
n(χ R j+1)H ′ (1)

n (χ R j) = 0, R j < r < R j+1,

H ′ (1)
n (χ RN ) = 0, r > RN . (6)

Thus the dispersion relations for the electromagnetic modes for the perfectly conducting system from Fig. 1 are obtained as follows:
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f TE
n (χ, R1, R2, . . . , RN ) = Jn(χ R1)H(1)

n (χ RN )

[
N−1∏
j=1

(
Jn(χ R j)H(1)

n (χ R j+1) − Jn(χ R j+1)H(1)
n (χ R j)

)]
, (7)

f TM
n (χ, R1, R2, . . . , RN ) = J ′

n(χ R1)H ′ (1)
n (χ RN )

[
N−1∏
j=1

(
J ′
n(χ R j)H ′ (1)

n (χ R j+1) − J ′
n(χ R j+1)H ′ (1)

n (χ R j)
)]

. (8)

2.2. Mode summation method

In the mode summation method, the Casimir energy is expressed as a sum of ground state (zero-point) photon energies, as follows
[3–6]:

EC = h̄

2

∑
{p}

(ωp − ω̃p), (9)

where ωp are the frequencies of the electromagnetic field satisfying the boundary conditions in the system under consideration, and ω̃p

are the ones corresponding to the reference vacuum with no boundaries present when the medium fills all space. The set {p} are the
complete set of quantum numbers determined by the geometry of the system. In the case of the cylindrical structure from Fig. 1, {p} =
(n,m,kz) where n is the order of the Bessel functions, m denotes the number of roots of the dispersion equation [34]:

fn(χ, R1, R2, . . . , RN ) = f TE
n (χ, R1, R2, . . . , RN ) f TM

n (χ, R1, R2, . . . , RN ) = 0, (10)

where f TE
n and f TM

n are from Eqs. (7) and (8), respectively. The photonic energies are obtained by finding the roots of Eq. (10).
Taking into account the continuity of the wave vector kz along the infinite axial direction of the cylindrical shells and using the relation

χ2 = ω2 − k2
z , the Casimir energy is written as:

EC = h̄c

2

+∞∫
−∞

dkz

2π

∞∑
n=−∞

∞∑
m=1

{[
χ2

nm(R1, R2, . . . , RN ) + k2
z

]1/2 − [
χ2

nm(R1 → ∞, R2 → ∞, . . . , RN → ∞) + k2
z

]1/2}
. (11)

Further, using the residue’s theorem the sum over m can be represented as a contour integral in the complex plane for any value of n
and kz [3–5,29,30,38]:

EC = h̄c

4π i

+∞∫
−∞

dkz

2π

∞∑
n=−∞

∮
C

dχ
(
χ2 + k2

z

)1/2 d

dχ
ln

f TE
n (χ R1,χ R2, . . . ,χ RN ) f TM

n (χ R1,χ R2, . . . ,χ RN )

f TE
n (∞) f TM

n (∞)
, (12)

where the contour C is along the imaginary axis (−i∞,+i∞) and an infinite semicircle closed in the right half of the complex plane.
f TE,TM
n (∞) are the dispersion relations with no boundaries in the system.

Making the substitution y = Imχ , the Casimir energy is now expressed as [3,5]:

EC = − h̄c

2π2

∞∑
n=−∞

∞∫
0

dkz

∞∫
kz

dy
(

y2 − k2
z

)1/2 d

dy
ln

f TE
n (iR1 y, iR2 y, . . . , iRN y) f TM

n (iR1 y, iR2 y, . . . , iRN y)

f TE
n (i∞) f TM

n (i∞)
. (13)

Interchanging the order of integration and executing the kz integration, one obtains:

EC = − h̄c

8π

∞∑
n=−∞

∞∫
0

dy y2 d

dy
ln

f TE
n (iR1 y, iR2 y, . . . , iRN y) f TM

n (iR1 y, iR2 y, . . . , iRN y)

f TE
n (i∞) f TM

n (i∞)
. (14)

Here, the functions Jn(iyR) and H(1)
n (iyR) are replaced by the modified Bessel functions using In(y) = i−n Jn(iy) and Kn(y) =

in+1(π/2)H(1)
n (iy).

2.3. Methodology

We evaluate the Casimir energy for the model of perfectly conducting cylindrical shells using Eq. (14). It is convenient to take the
difference between the energy of the system of concentric shells and the energy of the individual isolated cylindrical shells. In this way
the Casimir energy is expressed in a more transparent way and the remaining divergences are cancelled out [4,17]. Thus for a system of N
infinitely long metallic cylindrical shells we consider

ẼC = EC −
(

N∑
i=1

E(i)
C

)
, (15)

where EC is given by Eq. (14) and E(i)
C are the energies of the single isolated cylindrical shells with radii R1, R2, . . . , RN . The energies E(i)

C

have already been derived [3,5], and here we use their final result—E(i)
C = −0.01356h̄c/R2

i .
From Eqs. (14) and (15) one obtains:

ẼC = − h̄c

8π

∞∑
n=−∞

∞∫
dy y2 d

dy
ln

f TE
n (iR1 y, iR2 y, . . . , iRN y) f TM

n (iR1 y, iR2 y, . . . , iRN y)[ f TE
n,i(i∞) f TM

n,i (i∞)]N∏N
i=1[ f TE

n,i(iRi y) f TM
n,i (iRi y)] f TE

n (i∞) f TM
n (i∞)

. (16)
0
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Fig. 2. The dimensionless Casimir energy for the case of N = 3 shells: (a) as a function of the inner radius R1; (b) as a function of the radius of the second shell R2; and
(c) as a function of separation between the two outer shells. Here α1 = R2/R1 and α2 = R3/R2.

Here f TE,TM
n (iR1 y, iR2 y, . . . , iRN y) are the dispersion relations defined by Eqs. (7) and (8) with y = Imχ . f TE,TM

n,i (iRi y) are the disper-

sion relations for a single cylindrical shell with radius Ri and f TE,TM
n,i (i∞) are the dispersion relations with no boundaries present.

Furthermore, substituting the appropriate expressions for the dispersion relations from Eqs. (7) and (8), one finds:

ẼC = h̄c

4π

{ ∞∫
0

dy y ln

[
N−1∏
j=1

((
1 − I0(yR j)K0(yR j+1)

I0(yR j+1)K0(yR j)

)(
1 − I ′0(yR j)K ′

0(yR j+1)

I ′0(yR j+1)K ′
0(yR j)

))]

+ 2
∞∑

n=1

∞∫
0

dy y ln

[
N−1∏
j=1

((
1 − In(yR j)Kn(yR j+1)

In(yR j+1)Kn(yR j)

)(
1 − I ′n(yR j)K ′

n(yR j+1)

I ′n(yR j+1)K ′
n(yR j)

))]}
, (17)

where the n = 0 and n = 0 terms in the modified Bessel functions are separated. For a given number N of cylindrical shells, the first
term in the expression of ẼC can be evaluated numerically. The evaluation of the second term is facilitated by making use of the uniform
asymptotic expansion of the modified Bessel functions for large orders [39] and the Taylor series of the logarithmic function ln(1 − x j) for
x j < 1, where x j = e−2n|η j−η j+1| [4,17]:

2
∞∑

n=1

∞∫
0

dy y ln

[
N−1∏
j=1

((
1 − In(yR j)Kn(yR j+1)

In(yR j+1)Kn(yR j)

)(
1 − I ′n(yR j)K ′

n(yR j+1)

I ′n(yR j+1)K ′
n(yR j)

))]
∼ −4

∞∑
m=1

∞∫
0

dy

(
N−1∑
j=1

y

m(e2m|η j−η j+1| − 1)

)
. (18)

With those modifications, the Casimir energy of the considered system is found to be:

EC = h̄c

4π

{ ∞∫
0

dy y ln

[
N−1∏
j=1

((
1 − I0(yR j)K0(yR j+1)

I0(yR j+1)K0(yR j)

)(
1 − I ′0(yR j)K ′

0(yR j+1)

I ′0(yR j+1)K ′
0(yR j)

))]
− 4

∞∑
m=1

∞∫
0

dy

(
N−1∑
j=1

y

m(e2m|η j−η j+1| − 1)

)}

− 0.01356h̄c

(
N∑

i=1

1

R2
i

)
, (19)

for j = 1,2, . . . , N − 1 where η j =
√

1 + (R j y)2 + ln
( R j y

1+√
1+(R j y)2

)
.

All the terms in Eq. (19) can be evaluated numerically. They are convergent and provide finite, physically meaningful values for the
Casimir energy for the considered perfectly conducting system. This demonstrates that we were successful in applying the mode summa-
tion method to calculate the Casimir energy of infinitely long, perfectly conducting concentric cylindrical shells.

Before the numerical results are given, we investigate EC for various limits for which the analytical results are known. For the case of
two shells N = 2, we recover the energy obtained in Refs. [4,6,17]. In the limit of infinitely close cylinders, the dominant term comes from
Eq. (18), and we find EC ≈ −0.0862h̄c

∑N−1
j=1 1/[R2

j (α j − 1)3], where α j = R j+1/R j . Thus for j = 1, we obtain the result for two infinitely
close shells [4,17]. The limit of R j → ∞ and d j = R j+1 − R j = const for all j corresponds to N infinite parallel conducting plates. For
this limit, we obtain the Casimir energy per unit area as EC ≈ −h̄cπ2 ∑N−1

j=1 1/(720d3
j ) recovering the well-known formula for the Casimir

energy per unit area of two perfectly conducting plates ( j = 1) − EC ≈ −h̄cπ2/(720d3) [20].

3. Numerical results and discussion

The considered system implies that as N increases, greater possibilities for radial size and curvature variations of one or more cylin-
drical shells become available. We illustrate this point by showing numerical results for N = 3. One particular case is when the radii
of the shells are varied in such a way as to keep the distance between them constant. In Fig. 2(a) we show EC when α1 = α2. In the
limit of R1, R2, R3 → ∞ and d1 = d2 = const where d1 = R2 − R1 and d2 = R3 − R2, we obtain the Casimir energy per unit area as
EC ≈ −h̄cπ2(1/720d3

1 + 1/720d3
2) confirming a result obtained in Ref. [40].
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Fig. 3. The dimensionless Casimir energy as a function of number of concentric cylindrical shells.

Also, another possibility is when the inner radius is kept constant, while the outer two are varied. In Fig. 2(b), we show the results for
the energy when R1 = 1 nm and R2 increasing keeping α2 = const. We see that |EC | is larger for smaller α2 indicating the dominant term
from Eq. (18). As R2 increases, the Casimir energy becomes practically a constant with our system behaving more like a single cylindrical
shell and two perfectly conducting plates.

Another possible case can be when the two inner radii are kept constant and the outer one R3 is varied—Fig. 2(c). For the R3 → ∞
limit, the energy approaches that of two perfectly conducting cylindrical shells infinitely separated from a conducting parallel plate. Again,
we see that |EC | is large for small α1 due to the main contribution from Eq. (18). As α2 increases, the Casimir energy becomes practically
a constant approaching the limit for two cylindrical shells and a parallel plate.

Finally, we investigate the relationship between the number of shells N and the corresponding Casimir energy. In Fig. 3, we show
results EC for various α j as a function of N . We find that |EC | increases non-linearly and it is larger for smaller α’s indicating the
dominant contribution from Eq. (18). As the separation between the shells becomes larger, |EC | decreases and it approaches the limit of
the sum of energies of single cylindrical shells with the appropriate radii [3,5].

4. Conclusions

In this study, we have investigated the zero-point energy of a system of N perfectly conducting, infinitely long cylindrical shells by
making use of the mode summation method. We present a finite convergent expression for the Casimir energy of N shells and analyzed
various limits for which the analytical expressions are known. For instance, we recover the Casimir formula for the energy per unit
area of two parallel perfectly conducting plates [20] separated by a distance d = R2 − R1 = const in the limit of R1, R2 → ∞. We also
analyzed various limits in the case of three shells, and found that our result agrees with Ref. [40] in the limit of R1, R2, R3 → ∞ and
d1 = d2 = const where d1 = R2 − R1 and d2 = R3 − R2, in which case our system corresponds to three parallel plates. The case of N
perfectly conducting concentric cylinders might be of particular interest as a qualitative model of the Casimir interactions in a multiwall
metallic carbon nanotube system. More thorough and realistic analysis is necessary to describe the Casimir interaction in multiwall carbon
nanotubes, by taking into account realistic electromagnetic properties.
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