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a b s t r a c t

We present a method for calculating the radiative plasmon polariton dispersion spectrum of a system

composed of finite thickness concentric infinitely long cylindrical layers. The dispersion expression is

written in a matrix form and it allows the simultaneous solution for the real part, associated with the

energy, and the imaginary part, associated with the lifetime, of the modes. We apply this model to two

systems consisting of silver and carbon concentric cylindrical layers. The calculated real and imaginary

parts of the spectra are investigated in terms of the number of layers, curvature, size, and dielectric

properties of the system.

& 2009 Elsevier B.V. All rights reserved.
1. Introduction

Optical properties of nanostructured materials have been of
particular interest in fields such as plasmonics and photonics.
They also play an important role in understanding the funda-
mental physics of these structures. Specific optical characteristics,
such as plasmon polaritons (PP) were first investigated by Fano in
the 1940s to help explain Wood’s anomalies in metallic gratings
[1]. This research was extended later by other researchers [2,3] to
include radiative type electromagnetic oscillations planar multi-
layered structures. More realistic later studies involved modified
dielectric function by taking into account Drude and interband
components and also possible losses in the material [4,5].

The coupling between electromagnetic waves and the collec-
tive excitations due to the plasma oscillations in a material, called
plasmons, produces what is known as PP. One can distinguish
between surface PP, which are localized at the surface of the
structure and exist to the right of the light line, and guided PP,
which can be used to propagate light and exist to the left of the
light line. New developments and improvements in nanofabrica-
tion techniques as well as the synthesis of novel materials have
opened up additional applications for both types of PP. For
example, Novotny, Pohl, and Regli investigated the virtual mode
dynamics for scanning near-field optical microscopy (SNOM) in
order to provide a better design for SNOM probes [6]. Radiative
mode coupling to transition dipoles have been shown to provide
ll rights reserved.

.

luminosity enhancement of fluorescent single crystals CdSe(ZnS)
[7]. Devices in enhanced optical transmission [8,9], polarization
conversions [9], nonlinear optical effects [10], result from knowl-
edge of virtual modes. Radiative modes are also present in
photonic crystals and have been studied when trying to enhance
light transmission through these crystals [11]. In addition, surface
PP are used to mediate energy transfer across metallic layers [12],
in nanoscaled optical devices [13], and other low-dimensional
nanostructures [14,15].

Multi-layered quasi-one dimensional structures present new
opportunities and challenges for PP applications. Materials such
as carbon nanotubes, BN nanotubes, MoS2 nanotubes, and WS2

nanotubes are of particular interest [16–19]. Such nanotubes may
consist of several concentric layers, or can be filled or coated with
other materials [20–23]. However, much of the experimental
research so far has been focused on nanowires [24–26]. On the
other hand, theoretical works have reported model calculations of
surface PP in a dielectric cylinder [3], a cylinder with a dielectric
core [27], coated cylinder [28], and multi-layered cylinders [29].
Calculations of guided and non-radiative PP in a metallic coaxial
waveguide [30], metal coated dielectric cylinders [5], metallic
cylinders [31], prolate systems and prolate systems interacting
with planar multi-layers [32,33] have also been done.

This work reports theoretical studies of the dispersion
relations of the PP modes in the radiative regime for multi-
layered cylindrical structures. The Maxwell equations (ME) are
solved for N concentric cylindrical layers of finite thickness
immersed in some medium. The finite speed of light is also
included. The curvature and size of the system are taken into
account through the application of the appropriate boundary
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conditions at each surface in the structure. An important property
for the calculations is the dielectric function for the materials
involved. The expression for the dielectric function is considered
to be complex with parameters taken from available experimental
data. The obtained solutions for the dispersion are found to be
complex. The real part is associated with the energy of the
radiative modes, while the imaginary part is interpreted as
the lifetime of the modes, as done so in previous works [2,3,31].
The presented model can be used to study the influence of the
type of materials, size and number of layers involved in the
concentric cylindrical layer structure. It can easily be adapted for
other materials by including the appropriate dielectric function.

The paper is organized as follows. Section 2 describes the
model and the method used in solving for the dispersion relations.
Section 3 presents results and discussion for various concentric
cylindrical structures. The summary is given in Section 4.
2. Radiative dispersion relations

The system under consideration is given in Fig. 1. It consists of
a series of N concentric layers of finite thickness placed inside a
medium, which is taken to be vacuum in the calculations
presented in this work �e0(o) ¼ 1. The electric and magnetic
fields supported by the system obey Maxwell’s equations and the
wave equation [15]. Keeping the speed of light to be of finite value,
the z components of the electric and magnetic fields using
cylindrical coordinates (r,y,z) are found to be, respectively:

Ej
z ¼

X1
n¼0

fCj
nJnðwjrÞ þ Fj

nHð1Þn ðwjrÞgeinyeiðkz�otÞ (1)

Bj
z ¼

X1
n¼0

fDj
nJnðwjrÞ þ Gj

nHð1Þn ðwjrÞgeinyeiðkz�otÞ (2)

where j denotes the different regions separated by the interfaces
in the system. Also, k is the wave vector along the z axis, mj the
magnetic permeability of each region j, c the speed of light, o(k)
the frequency of excitations, and w2

j ¼ �jðoÞmjoðkÞ
2=c2 � k2. Jn(x) is

the Bessel function of the first kind of order n and Hð1Þn ðxÞ is the nth
order of the first Hankel function. The y and r components of the
electromagnetic fields can be obtained from the Maxwell’s
equations [34].

For each order n of the Jn(x) and Hð1Þn ðxÞ functions, there is a
corresponding electromagnetic field characterized by a dispersion
relation, o(k). Since these Bessel functions are oscillatory-like and
e(o) is considered to be complex, the frequency is also complex
o(k) ¼ oRe(k)+ioIm(k). The solution for the dispersion relation in
this case exists to the left of the materials light lines. These modes
are the guided PP; they are also called ‘‘radiative’’ or ‘‘virtual’’
modes [2–4,31].

Such modes are of collective character because they describe
the combined effect from the collective electron excitations
through the dielectric function and light through the ME. Since
Fig. 1. Multi-layer concentric cylindrical layers. There are N layers with radii Ri,

thickness di, and frequency dependent dielectric function ei(o)�i ¼ 1,2,y,N. The

structure is immersed in medium with dielectric function e0(o). The z-axis is

perpendicular to the page.
o(k) is complex, the dispersion relations, o(k)Re and o(k)Im, must
be satisfied simultaneously. The former corresponds to the energy
of the mode, while the latter corresponds to its lifetime. As found
previously, the sign of o(k)Im must be negative in order to ensure
a finite lifetime for the corresponding mode [2]. This also ensures
the temporally decaying behavior of the exponential factor eiot.

The coefficients Cj
n; F

j
n;D

j
n;G

j
n are unknown, and they can be

solved for using appropriate boundary conditions in cylindrical
coordinates. Taking into account the continuity of �jE

j
r; E

j
y; E

j
z, and

Bj
r, and considering non-magnetic materials (m ¼ 1 for all regions)

we find the dispersion relations for N cylindrical layers by
evaluating the determinant of the following:

a1;2
n;C b1;2

n;C g1;2
n;C l1;2

n;C

a1;2
n;D b1;2

n;D g1;2
n;D l1;2

n;D

0 0 0 0

0 0 0 0

0
BBBB@

1
CCCCA

� � � �

a2N;2Nþ1
n;C b2N;2Nþ1

n;C g2N;2Nþ1
n;C l2N;2Nþ1

n;C

a2N;2Nþ1
n;D b2N;2Nþ1

n;D g2N;2Nþ1
n;D l2N;2Nþ1

n;D

a2N;2Nþ1
n;F b2N;2Nþ1

n;F g2N;2Nþ1
n;F l2N;2Nþ1

n;F

a2N;2Nþ1
n;G b2N;2Nþ1

n;G g2N;2Nþ1
n;G l2N;2Nþ1

n;G

0
BBBBBB@

1
CCCCCCA

� � � �

a2;1
n;C b2;1

n;C 0 0

a2;1
n;D b2;1

n;D 0 0

a2;1
n;F b2;1

n;F 0 0

a2;1
n;G b2;1

n;G 0 0

0
BBBBBB@

1
CCCCCCA
�

1 0 0 0

0 1 0 0

0 0 0 0

0 0 0 0

0
BBB@

1
CCCA

�������������������������������������

�������������������������������������

¼ 0 (3)

The appropriate expressions for aj;j�1
n;C;D;F;G, bj;j�1

n;C;D;F;G, gj;j�1
n;C;D;F;G and

lj;j�1
n;C;D;F;G are given in Appendix A. The zeroes in some of the

matrices in Eq. (3) result from the requirement of convergence of
the Bessel and Hankel functions at the limits of r-0 and r-0N.
The solutions of this equation give the complete solution for the
dispersion relation o(k) ¼ oRe(k)+ioIm(k) for the N layer con-
centric cylindrical structure. This formula includes the dielectric
characteristics of each cylindrical layer and the environment, and
it allows the evaluation of the dispersion of any number of
cylinders present with various sizes.
3. Calculations of the radiative dispersion relations

Eq. (3) is a complex transcendental equation, therefore, no
analytical solution is possible. The modes cannot be separated in
pure magnetic (TE) and pure electric TM modes except for the
case of n ¼ 0, for which there is no angular dependence in the
dispersion. This is different from the cases with planar or
spherical symmetries where all modes can be characterized to
be either TE or TM ones. We present the results from the
numerical evaluations for two materials comprising the cylind-
rical layers—silver and carbon.

Consider concentric cylindrical layers made out of silver
immersed in vacuum. We take the dielectric function to be

�ðoÞ ¼ �1 �
o2

D

oðoþ igDÞ
�

D�O2
L

o2 �O2
L þ iGLo

(4)

The second term in Eq. (4) represents the Drude-type contribu-
tion, and the third term represents contributions from inter-band
optical transitions. Also, eN is the frequency independent di-
electric constant for silver, oD the plasmon frequency, and gD a
damping parameter due to losses from scattering. De, OL, and GL

are the strength, frequency, and spectral width, respectively, of
the Lorentz oscillator, characterizing the inter-band transitions.
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three values of the thickness. The radii are R1 ¼10 nm and R2 ¼ 20 nm.
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The values of all constants in Eq. (4) are taken from available
experimental data [34].

First, we calculate the dispersion relations for a single silver
layer. We examine the role of the size of the radial dimension of
the layer in terms of its thickness and diameter. The dispersion
relations for the real and imaginary parts are shown in Fig. 2,
where only the lowest level modes for the first three n are given.
The light lines for this structure are determined by the vacuum
�o ¼ kc (middle straight line), and by the silver material
�o

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�AgðoÞ

p
¼ kc [2]. The energy for each mode increases as the

thickness d (Fig. 2a) or the radius R (Fig. 2b) of the layer increases,
showing that as the curvature is decreased the modes approach
the ones for a planar layer. Similar trend for oRe of the radiative
modes was found for a full cylinder imbedded in vacuum [31]. For
larger k, the modes approach the silver light line indicating that
they become more photon-like.

The imaginary part of the solutions for the modes are shown in
Fig. 2c and d. Our results display a trend towards developing a
deeper and relatively well pronounced minimum for n ¼ 0 as the
layer becomes thicker, thus showing the increase of damping for
these modes. The imaginary part |oIm| for n ¼ 0 mimics a similar
behavior found for the lifetimes of these modes in a planar shell
[2] when its thickness is increased. However, we find the opposite
trend for |oIm| for n ¼ 0 when the radius is increased, namely,
|oIm| decreases as R increases showing a longer lived mode.

It is interesting to see that for n ¼ 1 there is a minimum in oIm

for a thicker layer while no such minimum is found for a thinner
one—Fig. 2c. Also, no such feature is obtained for the n ¼ 2 modes
or for the n ¼ 1 for the specific d in Fig. 2d when R is varied. In
fact, for R ¼ 60 nm, oIm is very small, thus the mode becomes well
defined and long lived. In previous works [2,31], the minimum in
oIm has been associated in some cases with the existence of a
Brewster angle for the particular modes. The Brewster angle is
defined as the angle of incidence for which there is no reflected
power of the electromagnetic waves in the structure [35]. For
cylindrical systems the angle is given as tan2 j¼ k2=ðo2=c2� k2

Þ ¼

�ðoÞ [31]. If the positions of maxima of oIm are in the close vicinity
of the tan2j curve in the o vs. k plane, then the mode is
considered to be a Brewster mode. For n ¼ 0 (d ¼ 10 nm) and
1 (d ¼ 10 nm) from Fig. 2c, the modes minima are very close to the
tan2j curve. The other minima for n ¼ 0 from Fig. 2c are found to
be far away from tan2j curve. The n ¼ 0 (d ¼ 10 nm) mode in
Fig. 2d is the only mode seen to have a minimum close to the
tan2j line.

Our results show that both, the thickness and radius of the
cylindrical layer, influence the radiative modes. A Brewster mode
may or may not be found for a certain combination of R and d. This
is unlike the results for the radiative modes of a full cylinder,
where Brewster modes exist for all n [31], and unlike the cases of
planar layers for which the Brewster modes are determined by the
initial polarization [2].

In Fig. 3 we show the results for the first and second lowest
laying n ¼ 0, 1, 2 modes of a system composed of two Ag layers for
three values of the thickness. The energetics here appears more
complicated as compared to the one layered system. This is
attributed to the presence of more interfaces facilitating the
scattering of the electromagnetic waves. An interesting behavior is
found for the lowest n ¼ 0, 2 modes for all d. These start with
relatively dispersionless _oRe at �0.4 eV just below the light line
for Ag, then cross the vacuum light line, continuing into the
regime of surface PP. The n ¼ 0 modes are very close in energy for
the different d, while the ones for n ¼ 2 show some differences in
the _ck ¼ 0.5–1.3 eV region.

These particular modes have made the cross-over from wave
guided to non-radiative localized at the surfaces of the cylindrical
structure. The cross-over happens at a particular value of the wave
vector and it is a consequence of the presence of the several
interfaces in the system. It is interesting to realize that these
modes are still wave-like, but they exist in the region where non-
radiative surface PPs are located (to the right of the light line). This
is in contrast with the typical radiative modes that follow the light
line from the left and never cross it. The damping of the cross-over
modes is still described by oIm. The lowest n ¼ 1 excitations do
not exhibit this behavior, they are entirely radiative.

Such guided to surface electromagnetic excitations have also
been found for planar multi-layered materials [36], where their
existence depends on the combination of the dielectric properties
of the different materials involved. Our results, however, show
that the curvature and the number of layers in the system are also
important.

The cross-over modes present an interesting venue to expand
the surface plasmon dynamics field in view of potential
nanoelectronic devices. It has been suggested that attenuated
total reflection (ATR) techniques might be useful when detecting
such cross-over modes in planar multi-layers [36]. In addition,
various circuit representations using ATR might be relevant for
future terahertz and infrared nanoelectronics using planar multi-
layered nanostructures [37,38]. Our findings however show that
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cylindrical multi-layered systems also may be of interest to such
applications.

Fig. 3b shows that |oIm| for all n shows no minimum in its
behavior, except the guided n ¼ 0 exhibiting a shallow minimum
at _ck�1.7 eV. No Brewster mode is found here. Radiative modes
with larger n are more heavily damped due to the larger values of
|oIm|. The lifetime for the cross-over modes for n ¼ 0, 2 for the
different d does not show much deviation. |oIm| decreases to very
small values after _ck�1.5 eV indicating their non-radiative
nature. The fact that oIma0 for these modes is explained by the
existence of small losses in the Ag material due to gD and OD.

Next, we consider a system composed of three Ag cylindrical
layers. The role of thickness and overall radius size is investigated.
In Fig. 4a and c we show the dispersion relations of the two lowest
laying n ¼ 0, 1, 2 excitations for three values of the thickness. One
sees again that the cross-over wave guided to surface PP modes
exist for n ¼ 0, 2, but not for n ¼ 1 as in the case for N ¼ 2 layers.
For these, oRe does not show much difference for the different d.
Also, the thickness does not seem to influence significantly the
low k regime for oRe for the radiative n ¼ 0, 1 modes, where the
energy is almost the same for all d. The overall size of the system
affects the low k regime, where for the larger radii (Fig. 4b) the
modes are higher in energy as compared to the ones for the
smaller radii. At larger k they all become almost parallel to the Ag
light line with oRe being slightly higher.
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The results from Fig. 4c show that for some n and d, oIm can
have local minima at a specific wave vector k. For example, for the
radiative n ¼ 0, a local minimum is found at _ck�0.65 eV,
d ¼ 1 nm and _ck�0.3 eV, d ¼ 8 nm. On the other hand, for the
radiative n ¼ 2 only a global minimum is found at _ck�0.25 eV.
One also sees that as the overall size of the system is varied from
having larger curvature to having smaller curvature, the disper-
sion foroRe does not change much. However, the modes are more
heavily damped for the structure with larger curvature (smaller
layer radii).

Further, we consider concentric cylindrical layers made out of
carbon in an attempt to model the radiative PP excitation
spectrum in carbon nanotubes. Several studies related to
mechanical and optical properties have shown that in many
instances carbon nanotubes behave similarly as continuous
cylindrical structures [39–42]. Thus it becomes eminent that
such continuous models can be a relatively fast tool for useful
analysis of their properties. Here we assume that the separation
between the layers in the carbon concentric cylindrical structure
is of the same order as the equilibrium distance in multi-wall
carbon nanotubes �3.5 Å [39]. Calculations for the dispersion
spectra for other thicknesses ranging from d ¼ 1 to 2 nm were
done and the results showed to be very similar, therefore we
present only the radiative PP for d ¼ 1.5 nm.

For the dielectric function we also employ an effective
dielectric function expression similar to the Eq. (4) with a
combination of a Drude term and localized Lorentzian absorption
peaks:

�ðoÞ ¼ �1 �
o2

D

oðoþ igDÞ
�
X

j

O2
pj

ðo2 �o2
j Þ þ iGjo

(5)

The values for the frequency independent dielectric constant
eN, plasma frequency oD, carrier relaxation rate gD, Lorentzian
central frequency opj, strength of each Lorentzian oscillator Opj,
and spectral width of each Lorentzian oscillator Gj, are taken from
Ref. [43], where the optical spectrum of a film of carbon nanotube
was measured and modeled successfully using the effective
expression from Eq. (5).

Fig. 5 displays the results for the lowest lying modes for a
system with N ¼ 1, 2, 3 carbon layers. For one shell, cross-over
guided modes are found only for n ¼ 0, 2. However, for N ¼ 2, 3
such modes are found for all n. Some features such as local
minima and maxima are found in oIm for N ¼ 2 and 3 layers.
These are attributed to the presence of more scattering interfaces
and their closeness. Due to the smaller damping constant g for the
carbon system [34,42], the modes tend to be less damped as
compared to those for silver layers with comparable sizes. These
results also show that materials characterized with different
dielectric functions can have different effect on the dispersion of
the electromagnetic modes of a system with compatible structure
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characteristics. For example, for Ag N ¼ 1 oIm exhibits minima for
different n, but for C N ¼ 1 oIm does not with the exception of the
second n ¼ 0 mode—Fig. 5b). Also, for N ¼ 3 all studied modes of
the Ag system show significant damping over a shorter wave
vector range as compared to the ones for a C system. The broad
minima found in Fig. 5d and f for some n are not associated with
the tan2j curve.
4. Conclusions

In conclusion, we have presented a simple model to calculate
the energy dispersion relation of the radiative PP modes of a
multi-layered infinitely long cylindrical system. The final expres-
sion for the dispersion is obtained by solving the Maxwell’s
equations with appropriate boundary conditions and it is written
in a matrix form. It takes into account the finite speed of light, the
dielectric properties of the materials, the number of layers, and
their curvature.

Specific calculations were done for a system composed of silver
or carbon layers. The dielectric function for each material is taken
from available experimental measurements, and it includes a
Drude-like contribution and interband optical transitions. We find
that some modes are more heavily damped than other. Also, for
some systems cross-over modes from the radiative region to the
guided region can be found. Our results show that the energy
spectra are complex resulting from the interplay between the
number of layers, their proximity and the dielectric function
parameters, but due to the rather technically involved expression
for the energy spectrum implicit conclusions are not possible.
However, our method can be easily applied to any system
consisting of cylindrical layers submerged into a medium with
different structural and dielectric characteristics. We suggest that
the attenuated total reflection technique may be suitable for the
detection of the radiative modes in cylindrical nanostructures.
Thus many ways of tailoring the PP properties of such nanos-
tructures can be achieved for appropriate experimental applica-
tions.
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Appendix A

Here we give the expressions for aj;j�1
n;C;D;F;G, bj;j�1

n;C;D;F;G, gj;j�1
n;C;D;F;G and

lj;j�1
n;C;D;F;G. These are obtained from the explicit formulas for the

r and y components of the electromagnetic fields [29].

ajþ1
n;C ¼

1

Djþ1

wjþ1�j

�jþ1wj

J0nðwjRjÞHnðwjþ1RjÞ � JnðwjRjÞH
0
nðwjþ1RjÞ

" #
(A.1)

bjþ1
n;C ¼

1

Djþ1

inwjþ1

k�jþ1Rj

�j

w2
j

�
�jþ1

w2
jþ1

" #
JnðwjRjÞHnðwjþ1RjÞ (A.2)

gjþ1
n;C ¼

1

Djþ1

wjþ1�j

�jþ1wj

H0nðwjRjÞHnðwjþ1RjÞ � HnðwjRjÞH
0
nðwjþ1RjÞ

" #
(A.3)

ljþ1
n;C ¼

1

Djþ1

inwjþ1

k�jþ1Rj

�j

w2
j

�
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Djþ1 ¼ J0nðwjþ1RjÞHnðwjþ1RjÞ � Jnðwjþ1RjÞH
0
nðwjþ1RjÞ (A.17)

where J0nðxÞ ¼ dJnðxÞ=dx and H0
ð1Þ
n ðxÞ ¼ dHð1Þn ðxÞ=dx. Matrix terms

using appropriate boundary conditions to solve for the inner layer
coefficients are obtained by interchanging the indices j-j+1 and
j+1-j everywhere except for the radius Rj, wherever it appears in
Eqs. (A.1)–(A.17).
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