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The atomic and electronic structures of Bi-rich Bi1�xSbx alloys are investi-
gated via ab initio simulation methods. The structural parameters in terms of
rhombohedral and hexagonal lattice description as well as density of states
(DOS) characteristics as a function of concentration are presented. We show
that nonlinearities in the lattice parameters are directly correlated with
anomalous transport behavior in available experiments at concentrations less
than 5%. The orbital and site projected DOS enable the analysis of relevant
contributions from the different atoms. Our calculations also show that the
spin–orbit coupling is crucial for the properties of these alloys.
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INTRODUCTION

Finding alternatives to fossil fuel energy sources
is a priority for many scientific and engineering
fields. Thermoelectric (TE) energy conversion is a
particularly attractive method as devices using
thermoelectricity are reliable and ecologically clean.
In order to design effective TE materials, it is nec-
essary to have a thorough understanding of their
electronic structure which is a primary factor for
their transport properties, including carrier
conductivity, Seebeck coefficient, and thermal
conductivity.1

While many materials have been reported to be
good thermoelectrics for high temperatures, a lim-
ited number of systems are suitable for below room
temperature operation. Bi and Bi1�xSbx alloys are
the best candidates for the low temperature
range.2–9 Although the Bi materials have been
investigated for a long time, these systems continue
to be a source for discoveries of novel properties in
their bulk and surfaces phases. For example, recent
studies have shown that Bi1�xSbx are excellent
candidates to observe 2D and 3D topological insu-
lator states.10–13 Dirac valley polarization of the
transport properties of Bi upon the application
of an external electric field has also been
demonstrated.14,15

Although there have been several first principles
studies investigating the electronic structure of bulk
and surface Bi,16–18 such studies are lacking for the
Bi1�xSbx alloys. We point out that understanding
and quantifying the sensitivity of the electronic
structure properties as a function of doping is cru-
cial to analyze many experimental results for their
transport.7 Surprisingly, there is a limited number
of systematic experimental studies for the basic
properties of these alloys. Nevertheless, Refs. 19–21
report nonlinear dependence as a function of doping
in their transport characteristics. This behavior is
associated with anomalies in the physical structure
of the alloys.19,20

We further point out that the models currently in
use for the electronic structure of the Bi1�xSbx

compounds rely on either semi-empirical or k � p
tight-binding approaches, which contain a number
of input parameters matched with existing experi-
mental data.8,9,12,13,22 Although such phenomeno-
logical approaches are easy to use, they are not
parameter-free and they cannot predict the lattice
changes and associated electronic structure nonlin-
earities upon doping.

Elemental Bi and Sb and the lightly doped
Bi1�xSbx alloys (x < 0:25) have a rhombohedral lat-
tice structure with a bisectrix and trigonal axes
forming a mirror plane bisecting the entire lattice.
It appears that the anisotropy of this pseudocubic
structure in terms of lattice parameters can be
affected by the degree of doping. The spin–orbit
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coupling (SOC) is also significant and it is important
to obtain the correct electronic characteristics. The
purpose of this paper is by using first principles
calculations to present systematic investigation of
the electronic structure properties of Bi-rich
Bi1�xSbx alloys for (0 < x < 0:25) in terms of lattice
structure parameters, Fermi levels and surfaces,
and density of states (DOS) evolution as a function
of x. Comparison with the electronic structure of
elemental Bi is used to underline common and
specific features for these narrow gap materials. We
also discuss the agreement between our simulations
results with recent experimental data.

METHOD OF CALCULATIONS

The atomic and electronic structure properties of
Bi and Bi1�xSbx alloys ð0 < x < 0:25Þ are investigated
via density functional theory (DFT) simulations
using the Vienna Ab Initio Simulation Package
(VASP).23,24 In this code, the Kohn–Sham equations
are solved using the projector-augmented wave
method (PAW)25 within a plane wave basis set and
periodic boundary conditions. The exchange–corre-
lation energy is taken into account using the Per-
dew–Burke–Ernzerhof exchange–correlation functional
(PBE). Ionic relaxation was performed with 200 eV
energy cutoff and force and total energy difference
criteria of 10�2 eV/Å and 10�4 eV, respectively.
During the relaxation process, the cell was allowed
to change its shape and volume. The tetrahedron
method with Blöchl corrections for accurate k-point
integration was used.26

We consider ten values for the concentration with
x ¼ 0; 0:00781; 0:0104; 0:0139; 0:0185; 0:0278; 0:0416;
0:0625; 0:125 and 0:25. For this purpose, in the
supercells generated using the Materials Project soft-
ware,27 a Bi atom is substituted by a Sb atom for the
corresponding concentrations. Also, the XCrySDen

visualization package was used to obtain the Fermi
surface.28

The SOC is quite important for these materials.
In the pseudo-potential DFT method, this relativ-
istic correction occurs via an LÆS term (L—angular
momentum; S—spin).17,18 In VASP, the SOC is
calculated via non-collinear magnetism as the
valence electrons are taken into account through a
variation method and scalar relativistic eigenfunc-
tions. Although this brings substantial computa-
tional cost, the spin–orbit correction is necessary in
order to describe the properties of these alloys
correctly.

RESULTS AND DISCUSSION

Atomic Structure

The rhombohedral A7 structure is a common
crystal phase for Bi and its Bi-rich Bi1�xSbx alloys
(0 < x < 0:3).16,18 This type of lattice has trigonal
symmetry and can be viewed as a distorted cubic
lattice with a strain along the (111) direction and
displacement of the atoms along the same direction.
For Bi, there are two atoms in the unit cell, which
can be described by the lattice constant a and the
rhombohedral angle a (Fig. 1a). A side view, parallel
to the mirror plane, shows that the crystal contains
puckered layers of atoms with characteristic dis-
tances ratio d1=d2 determining the separation
between the layers (Fig. 1a).

The DFT calculations upon relaxation without
SOC result in a = 4.804 Å, a ¼ 57:263�; and
d1=d2 ¼ 0:881. When the spin–orbit correction is
included, the relaxed structure is found to have
a = 4.845 Å, a ¼ 57:283�; d1=d2 ¼ 0:882. These val-
ues are in good agreement with reported experi-
mental data.29 The supercell for the alloys is
constructed by repeating the unit cell in different
directions and substituting one Bi atom with a Sb

Fig. 1. (Color Online). (a) The supercell of Bi1�x Sbx . One Sb atom (yellow) substitutes a Bi atom. The characteristic vectors a, b, and c and
characteristic angles a, b, and c for the rhombohedral lattice are denoted. A side view perspective of the Bi puckered layers is also given. (b)
Different perspectives of the Fermi surface of Bi are shown. The angle u between the L and T pockets in the reciprocal basis gi is also shown.
The Fermi surface was drawn with isolevel = 4.45 eV using XCrySDen.
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one, as shown in Fig. 1. For example, a cell con-
sisting of 53 Bi atoms and 1 Sb atoms corresponds to
x ¼ 0:0185. The particular location of the Sb atom
does not affect the calculation results as various
substitution positions for a given x were tested and
found to yield the same outcome. The inclusion of
the SOC preserves the rhombohedral lattice and the
characteristic lattice parameters a; a and d1=d2 are
found to be dependent on the degree of alloying.

Figure 2 shows our results for the crystal structure
parameters as a function of concentration. It is clear
that the lightly doped alloys (x < 5%) experience
nonlinearities in the a and a versus x functions.
When the SOC is not included, the minimum for a at
x ¼ 0:0185 is accompanied by a minimum in a. The
maximum for a at x ¼ 0:0416 corresponds to a mini-
mum in a with a slight shift along the horizontal axis.
Decreasing a for small x indicates larger distortion
along the trigonal axis for the rhombohedral crystal
since a ¼ 60� corresponds to a simple cubic lattice.
Figure 2a also shows that the SOC increases the
magnitude of the lattice constant without affecting
the characteristic behavior. On the other hand, the
angle a is mainly affected for x > 5% concentrations.

It is interesting to see that the nonlinearities in a
and a are associated with nonlinearities in the
puckered atomic chains (Fig. 2), which are held
together by van der Waals interactions. A smaller
d1=d2 ratio corresponds to the smaller distance
between nearest neighboring layers. The SOC does
not change the dependence versus the concentra-
tion; however, it decreases the magnitude of d1=d2.
The van der Waals interaction is strongly affected
by the interatomic distance separation (R) as shown
by the R�6 dependence in the London type disper-
sion.30 Thus, the smaller distance d1 indicates en-
hanced attraction between the chains. A recent
scheme for Bi layer exfoliation has been proposed as
the means to observe surface topological insulator
phases.31 Our results may be of interest to such
studies as they show for which concentration the
attraction is enhanced or inhibited.

The majority of experimental works have been
directed mainly towards quantifying the transport
properties of these alloys, especially in the x > 7%

range where the best TE performance is
observed.4–7 It is usually assumed that, for the
entire range x ¼ 0� 25%, the lattice parameters
satisfy Vegard’s law.32 This is an empirical formula
from metallurgy which suggests a linear relation-
ship of decreasing lattice constants as the alloying
concentration is increased.

A limited number of studies, however, have
examined how the lattice parameters evolve as a
function of concentration. Measurements via x-ray
diffraction show that Bi1�xSbxhave nonlinearities at
smaller Sb concentrations.19,21 These results are
given for lattice parameters corresponding to a
hexagonal lattice—ah; ch: Relating the rhombohe-
dral description to the equivalent hexagonal one can

be done via the expressions—a ¼ 1=3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3a2
h þ c2

h

q
� �

and sin a
2 ¼ 3

�

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3þ ch=ahð Þ2
q

� �

. In Fig. 3, the

hexagonal parameters are displayed with nonlinear
characteristics in the x< 7% range corresponding
to the ones for the rhombohedral lattice in Fig. 2.
The ah; ch versus x behavior is very similar to the
experimental results in Ref. 21. The location of the
extremum points is practically the same; however,
the magnitude of the lattice constants from Fig. 3 is
somewhat larger. We attribute this difference to the
fact that the measurements are performed at room
temperature, while our calculations are at 0 K.

The deviations in the lattice structure from the
Vegard’s law are accompanied with anomalies in the
transport properties of Bi1�xSbx. The minima of ah

and ch at x ¼ 1:85% (Fig. 3) correlate with the
minimum in the electrical conductivity reported in
Refs. 19,20 at x � 2%. This is also accompanied by
an inflection point in the Seebeck coefficient for
measurements at room temperature. The maximum
ch at x ¼ 4:16% (Fig. 3b) can be associated with the
reported maximum value for the conductivity and
minimum value for the Seebeck coefficient at
x � 3.8%.19,20 One notes that, although the magni-
tude of the measured transport properties in
Refs. 19,20 changes as a function of temperature,
the location of their characteristic minimum and
maximum points as a function of concentration

Fig. 2. (Color Online). (a, b) Rhombohedral lattice parameters, (c) d1/d2 (Fig. 1) and (d) angle u between electron and hole pockets in reciprocal
space (Fig. 1) as functions of concentration for the Bi1�x Sbx alloys. SOC is included.
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is fairly robust in terms of its temperature
dependence.

Note that nonlinearities in the lattice structure
parameters have been observed in other IV–VI
semiconducting compounds, including additional
systems containing Bi and Te.33 Other studies34

have shown deviations from Vegard’s law in
metallic alloys. These findings together with our
calculations indicate that Vegard’s law may not be
applicable for alloys with very small concentrations.

ELECTRONIC STRUCTURE

The electronic structure evolution upon concen-
tration of the Bi-rich alloys is also investigated
using the DFT ab initio simulations. The structural
anomalies for x < 5% affect the Fermi level as seen in
Fig. 4. The local minimum in Ef is associated with
the global maximum in a and the global minimum
in a in Fig. 2 at x ¼ 4:16%. The almost linear
increase in the Fermi level for x > 4:16% indicates
that these alloys have n-types carriers with
increasing concentration.

The distortion from the simple cubic structure in
Bi and Bi1�xSbx results in overlapping between
valence and conduction bands which leads to for-
mation of carrier pockets.35,36 Figure 1b shows the
Fermi surface of Bi with six electronic half-ellip-
soidal pockets at the L-points and two hole pockets
at the T-points. The triangular regions having
threefold symmetry represent the hole pockets at
the H-points. As the Sb concentration is increased,
the angle u (between the L-electron and T-hole
pockets) changes as a function of x. Using the rela-
tionships between the lattice and reciprocal basis,37

u as a function of concentration is given in Fig. 2d,
which shows that u experiences maximum at
x ¼ 4:16%. The nonlinear u versus x behavior cor-
relates with the structural anomalies of the alloys
(Figs. 2, 3). Our calculations also show that the SOC
increases the magnitude of the angle for x > 5%
concentrations.

We further investigated the DOS of these alloys to
determine the characteristic behavior as a function
of Sb doping. In Fig. 5a, the total DOS is displayed
for three cases. Similar features for all systems are

found throughout the displayed region. The devia-
tions in DOS as compared to pure Bi at E � Ef = 0
can be seen in the insert. The energy region
�6 eV < E < 6 eV is determined primarily by the
p-orbitals, while the E < � 6 eV is dominated by the
s-states of these alloys. Figure 5b, which corre-
sponds to the p-orbital projected DOS for
Bi0:973Sb0:027, also shows the strong effect of the
SOC. It is clear that, without the inclusion of this
relativistic correction, DOS is nonzero at Ef. The
characteristic minimum in DOS at the Fermi level
is shifted towards higher energy (� 60 meV higher).
The effect from the SOC is especially strong for the
p-orbital in the range around Ef. At the same time,
the s-states are practically unaffected by this cor-
rection. This is understood by realizing that, since
the SOC is determined by the LÆS contribution, for
the s-states the total angular momentum is L ¼ 0.

We also present the orbital projected DOS for
x ¼ 6:25% and x ¼ 25% for each atom in Fig. 6. For
the smaller concentration, the Sb contribution in
the Fermi energy region is negligible as its p-states
are practically zero. The Sb s-states, however, are
responsible for the formation of a small peak at
E ¼ �7:98 eV overlapped by a larger Bi peak. This is
followed by a gap � 0:391 eV before the formation of
the rest of the s-states mainly from Bi.

For the larger concentration, the Sb p-states
become noticeable as can be seen from Fig. 6b. The
Sb s-states are more visible as well with the first
peak at E ¼ �8:49 eV being the most pronounced.
One notes that there is a reduced s-states gap
� 0:221 eV displaced towards lower energies as
compared to the case of x ¼ 6:25%. Clearly, the SOC
correction affects the p-region mainly. Our results
show that, although its contribution is relatively
small (always on the order of 50� 60 meV), its
inclusion makes a significant difference to the DOS
around Ef, similar to the situation displayed in
Fig. 5b.

At this point, it is not possible to obtain the energy
band structure for the BiSb alloys using the VASP
code. Since we construct supercells for the simula-
tions, the first Brillouin zone of the normal cell
becomes folded, which results in the appearance of
many flat bands. A recent scheme to obtain the

Fig. 3. (Color Online). Hexagonal lattice parameters ah and ch as
functions of concentration for the Bi1�x Sbx alloys. SOC is included. Fig. 4. (Color Online). Fermi energy differences between Bi1�x Sbx

and Bi as a function of Sb concentration.
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unfolded band structure was proposed based on the
construction of Wannier functions.38 This proce-
dure, however, is still not available for all materials
as it involves careful construction of the Wannier
basis with proper spectral weights.

A practical way based on a tight binding scheme,
where parameters are adjusted to reproduce
experimental data, is more useful for the evolution
of the energy bands closest to the Fermi level.12,13,22

This is essentially a tight binding model where each
tight-binding parameter is taken to have the same
dependence on the concentration x� t xð Þ ¼ xtSbþ
ð1� xÞtBi, where tSb; tBi are the tight-binding para-
meters for Sb and Bi.39

We can use the results from this approach and
correlate with the ab initio simulations results
obtained here. According to available experiments
and the tight-binding model, there is a small gap at
the electron L-point for Bi, which starts decreasing
as x is increased from zero.8,9,12,13,34 The hole
T-point band, which has a maximum above the
minimum of the L-conduction band originally,
starts going down. There is closure of the L-point
gap at x � 4%. This behavior is reproduced by the
tight-biding model, which is a result from the bal-
ance between the concentration dependent param-
eters. Comparing with our results, one notes that
there is a corresponding behavior of the structure
parameters of the alloys at x ¼ 4:16%. The rhom-
bohedral lattice constant has a maximum, while the
corresponding angle has a minimum (Fig. 2a, b).
This is also consistent with the maximum of ch from
the hexagonal description (Fig. 3b), which corre-
sponds to the interlayer distance (Fig. 1).

In accordance with experiments and the tight-
binding model, further increasing of x results in an
increase of the energy gap between the L-bands, and
at x � 7%, the minimum of the T-point band is at
the same level as the minimum of the L-band, which
corresponds to a semimetal–semiconductor transi-
tion.8,9,12,13,35,36 Comparing with the lattice struc-
ture studied here, we find that many of the
parameters of these alloys do not show extrema for
this concentration, except for ahwhich has a
maximum

As x is increased, the tight-binding model in
accordance with experiments shows that the energy
gap between the L-bands increases again and at
x � 7%, the maximum of the T-point band is at the
same level as the minimum of the L-band resulting
in a semimetal-semiconductor transition.6,12,13 We
find that many of the structure parameters of this
alloy do not show extrema for this concentration.
The exception is ah which has a maximum at

Fig. 6. (Color Online). (a) DOS with contributions from s and p-states for Bi1�x Sbx with x ¼ 6:25% (top two panels); (b) DOS with contributions
from s and p-states for Bi1�x Sbx with x ¼ 25% (top two panels). The bottom panels show the s-state regions for both concentrations.

Fig. 5. (Color Online). (a) Total DOS as a function of energy scaled
by the Fermi level Effor Bi, Bi0:875Sb0:125, and Bi0:75Sb0:25. The SOC
is included; (b) Orbital DOS for the p-orbitals for Bi0:973Sb0:027 with
and without the SOC.
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x ¼ 6:25% (Fig. 3a). This shows that the atoms
become closer as ahis a measure of the interatomic
distance in the hexagonal lattice representation.

We remark that the tight-binding description
with many concentration-dependent parameters is
able to reproduce some experimental data, and it
has been utilized to predict some novel topological
insulator properties.12,13,22 Our calculations show
that the interpretation of the electronic structure
for the BiSb alloys has to be expanded in order to
accommodate the lattice structure parameters. The
DFT ab initio results show that there is a clear
correlation between the lattice as a function of x and
transport properties as a function of x.19,20

Of special interest is the anomalous behavior at
the very low concentration point of x ¼ 1:85%. The
tight-binding model does not predict any unusual
behavior, and thus it cannot accommodate the
experimental conductivity minimum and Seebeck
coefficient maximum in this range.20 Our calcula-
tions, however, show that the rhombohedral lattice
constant as well as the hexagonal constant have
local minima values (Figs. 2, 3). Our findings
strongly suggest that the nonlinear behavior in the
transport in these Bi-rich Bi1�xSbx alloys is driven
by changes in the lattice structure as a function of
concentration. Therefore, the fundamental descrip-
tion of the properties of these systems using a tight-
binding model has to accommodate the lattice
structure evolution as well.

CONCLUSION

In summary, we have presented analysis for the
atomic and electronic structure properties for bulk
Bi-rich Bi1�xSbx alloys with several concentrations
via DFT ab initio methods. It is shown that that the
lattice structure experiences anomalies as a func-
tion of concentration which correlate with available
experimental data for their transport properties.
This can be considered as establishing a clear con-
nection between atomic structure evolution and
relevant transport. The calculated DOS enables
understanding characteristic behavior in terms of
orbital and site projected contributions. Our results
show that the Sb contribution is most significant in
the valence s-state region, while the range around
the Fermi level is mainly consistent of the Bi
p-state.

Correlations are established between the struc-
tural changes of the Bi1�xSbx alloys and the band
structure evolution as a function of concentration
calculated via a tight-binding model. It is shown
that not all of the atomic structure anomalies cal-
culated here correspond to corresponding transi-
tions in the tight-binding model. Since our results
have similar characteristic behavior as available
data, it is suggested that the tight-binding picture
needs revisions in order to accommodate the very
low concentration functionalities. We conclude by
noting that future developments in first principles

codes will resolve the issue of band structure
unfolding for large supercells in the near future
with sufficient accuracy, and thus the energy band
structure can be computed via self-consistent
methods and compared with the frequently used,
but parameter-dependent, tight binding results.
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