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van der Waals interactions between nanostructures: Some analytic results from series expansions
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The van der Waals force between objects of nontrivial geometries is considered. A technique based on a
perturbation series approach is formulated in the dilute limit. We show that the dielectric response and object
size can be decoupled and dominant contributions in terms of object separations can be obtained. This is a
powerful method, which enables straightforward calculations of the interaction for different geometries. Our
results for planar structures, such as thin sheets, infinitely long ribbons, and ribbons with finite dimensions, may
be applicable for nanostructured devices where the van der Waals interaction plays an important role.
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I. INTRODUCTION

Long-ranged dispersive interactions, such as van der Waals
(vdW) forces, originate from electromagnetic field fluctua-
tions. These are characterized by the instantaneous exchange
of electromagnetic fluctuations between objects at separations
d � λ0 (λ0 is the characteristic absorption wavelength) [1,2].
Larger d, typically in the μm range, correspond to the Casimir
regime, for which the finite speed of light must be included
[3]. Besides their fundamental nature, such interactions affect
micro- and nanomechanical devices, as they can lead to
unwanted adhesion and stiction effects [4–6]. vdW forces are
also important for the stability of chemically inert materials.
Graphitic systems, including carbon nanotubes, graphene,
and graphene nanoribbons, are particularly interesting in this
regard [7]. Because of their unusual electronic and optical
properties, such systems have proven an excellent source
for unusual functionalities including vdW interactions [8].
Significant efforts have been devoted towards finding different
analytical methods for long-ranged dispersive interactions for
various materials [9]. Progress has also been made in overcom-
ing computational challenges in calculating vdW interactions
from first principles [10,11]. Experimental studies with high
precision for the force in the Casimir regime have also been
reported [9,12,13]. The first measurements of Casimir–van
der Waals forces between graphene and substrates are also
available [14]. Future experimental efforts are necessary to
quantify the vdW force for other nanostructures.

In order to develop nanoscaled devices or build a ba-
sic understanding of low-dimensional systems, fundamental
knowledge of the vdW interaction is necessary. Consider,
for example, the design of switches using graphene nanos-
tructures. The switch is actuated electrostatically to bring
them into contact with an electrode; however, the vdW force
permits the release of the switch [15]. Other examples can
be drawn from layered materials architectures, held together
by vdW interactions, and their use in transistors, imaging,
and electronic devices [16,17]. The type of geometry is a
key issue. In fact, designing objects with various boundaries
can be used to control the magnitude and sign of the force
[18–20]. Thus, calculating vdW interactions in nontrivial
geometries is important and much effort has been devoted to
developing different theoretical techniques, including multiple
scattering, Green’s functions, and numerical diagonalization
methods [20–22]. Such approaches are complex and because

the response properties are also important, it is not easy to
decouple these two factors when analyzing the force.

Here we show that a perturbative approach with respect to
the system dielectric response in the dilute limit can be used to
calculate the vdW force in various geometries. It turns out that
by considering successive terms in the series, one can obtain
analytic expressions and describe how the dimensions of the
objects affect the interaction as a function of separation. This
technique is relatively transparent and it enables quantifying
nontrivial geometries in the dilute limit. We calculate the vdW
energy via this approach for several planar systems. Thus we
demonstrate the versatility of this method to be used not only
in theory, but also in experiment when knowledge about such
dispersive interactions is needed.

II. THE FORMALISM

Note that at separations d ∈ (10,100) nm, the vdW force
is determined by the dielectric response at higher frequencies.
This is true for many dielectrics and was used by Lifshitz
et al. [1] to write the force in terms of a polarization operator
with components ij as a function of the Matsubara frequencies
ζn = 2πnkBT /�:

�ij (r1,r2,ζn) = ζ 2
n

c2
δij δ (r1 − r2) [ε (iζn,r1) − 1] . (1)

�ij describes the disturbance in vacuum due to the presence
of a system of objects with dielectric function ε (iζn,r). The
change in the Helmholtz free energy from its free-space value
is

�F = kBT

∞′∑
n=0

∫
d3r1d

3r2Gij (ζn,r1,r2) �ji (r1,r2,ζn) ,

(2)

where Gij (ζn,r1,r2) is the Green’s function for
long-wavelength photons in the presence of the dielectric
media. The prime stands for the n = 0 term multiplied by 1

2 .
Summation over ij is implied. Using Dyson’s equation,
Eq. (2) becomes

�F = kBT

∞′∑
n=0

∞∑
l=1

∫
d3r1d

3r2 · · · d3r2l	i1i2 (ζn,r1,r2)

×�i2i3 (r1,r2,ζn) · · ·	i2l−1i2l
(ζn,r2l ,r1) �i2l i1(r2l ,r1,ζn) ,[

−ζ 2
n

c2
δil + ∇i∇l − ∇2

mδil

]
	lj (ζn,r,r ′) = δij δ(r − r ′), (3)
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FIG. 1. (Color online) Feynman diagrams for the first three terms
(l = 2,4,6) of Eq. (4).

where 	lj (ζn,r,r ′) are the components of the free-space
vector potential Green’s function in the gauge with zero scalar
potential. In the low temperature limit for dielectrics, the sum
over all frequencies can be converted to an integral, giving the
vdW energy

E =
∞∑
l=1

El =
∞∑
l=1

(−1)l−1
�

2πl

∫ ∞

0
dζ

∫
d3r1 · · · d3r l

×
i1i2 (iζ,r1,r2) · · · 
ili1 (iζ,r l ,r1) . (4)

The components of the 
 tensor are 
ij (iζ,rm,rm+1) =
ζ 2
n

c2 	ik (rm − rm+1) δεkj (iζ,rm). They include the free-space
electromagnetic Green’s function dyadic 	ik and the re-
sponse tensor δεkj as the perturbation parameter. For in-
stantaneous electromagnetic exchange, which is of inter-
est here, the components of the Green’s function are
	ik (r) = 1

4πr3 (δik − 3 ri rk

r2 ) + 1
3δikδ

3(r) [20]. A similar per-
turbation series can be constructed with respect to δαik =
δεik/ (1 + δεik/3), effectively representing the interaction
using a Clausius–Mossotti-like relationship for the response,
as done in Ref. [23]. As a result, 
ij (iζ,rm,rm+1) =
	0

ik (rm − rm+1) δαkj (iζ,rm), where 	0
ik does not contain the

last term in 	ik .
The series in Eq. (4) has a diagrammatic equivalence

in terms of Feynman diagrams, as shown in Fig. 1. Each
closed loop represents the interaction via the polarization
operator and the photon lines (dashed lines) correspond to
the Green’s function of the instantaneous long-wavelength
electromagnetic field [24].

The energy E has some particularly advantageous features,
since Eq. (4) represents the interaction in a successive
manner via polarization bubbles in Fig. 1. This series enables
investigating various aspects of the vdW force in a transparent
way. The geometry enters through the Green’s function and
is captured by the appropriate integration limits. This makes
possible considering objects with complex boundaries. The
approach also reveals the many-body nature of the vdW
interaction. Each successive term in Eq. (4) corresponds to
higher-order collective contributions, with the lowest, E2,
corresponding to the two-body London-type interaction for
molecular systems. Evaluating each term separately can
provide especially useful insights into finding dominant
contributions, beyond the London-like formula with constant
dielectric response typically used for nontrivial geometries
[25].

III. RESULTS

We demonstrate the power and simplicity of this approach
for several types of objects. The studied configurations are
shown in Fig. 2. We focus on planar systems, such as
infinitely thin planes and ribbons with finite and infinite
lengths. The motivation for these arrangements comes from

FIG. 2. (Color online) (a) Homogeneous half spaces;
(b) infinitely thin parallel planes; (c) parallel quasi-1D ribbons with
width w; (d) parallel infinitely thin finite ribbons with width w and
length L; (e) half space and a perpendicular infinitely thin ribbon
with width w and length L; (f) perpendicular infinitely thin ribbons
with width w and length L. The separation is d in all cases.

materials such as graphene, h-BN, and their derivatives
[26,27], as well as the importance of the vdW force in related
devices [28].

The response for each system in Fig. 2 is

ε (iζn,r) =
⎧⎨
⎩

ε1 (iζn) , r ∈ object 1
ε2 (iζn) , r ∈ object 2

1, otherwise.

The dielectric response is assumed to be a single undamped
Lorentz oscillator model for all systems with ε (iζ ) = 1 +

ω2
p

ω2
0+ζ 2 , with ω2

p = 4πNe2

m
, where N is the number density of

atoms, e is the electron charge, and m is the electron mass. Also
ω0 is the characteristic frequency. We first consider the vdW
interaction between two identical semi-infinite homogeneous
spaces [Fig. 2(a)]with three-dimensional (3D) ωp = ωp,3D and
3D characteristic frequency ω0,3D for the isotropic dielectric
response. Since the distance dependence of the integrand for
each term in Eq. (4) depends on rm − rm+1, we define new two-
dimensional (2D) variables parallel to the half space surfaces
r ′

m = rm − rm+1 for m = 1, . . . ,l − 1 and r ′
l = 1

2 (r l + r1).
In this way, one extracts a unit area from the r ′

l integration,
leaving the remaining integrals for the energy density. Utilizing
the convolution theorem for the remaining 2D r ′ variables and
the 2D Fourier transform of the Green’s function, one finds

E3D
l

A
= (−1)l−1

�

4π22l−1l3d2

∫ ∞

0
dζ

(
δε

1 + δε/3

)l

= (−1)l−1 	
(
l − 1

2

)
�ωp,3D

π3/22l+2l3	 (l)
(
1/3 + ω2

0,3D/ω2
p,3D

)l−1/2

1

d2
, (5)

where 	 (l) is the gamma function. We find that consis-
tent with Ref. [23] the series is convergent for ω0,3D >

ωp,3D/6, owing to the assumption that large-frequency ex-
citations dominate the interaction. Figure 3(a) shows the
first few terms alongside the full sum. It is clear that
these are enough to capture the energy. We also analyze
how E3D/A = ∑

l E
3D
l /A compares with the Lifshitz ex-

pression [1] for half-space dielectrics in the nonretarded
limit, EL

A
= − �

16π2d2

∫ ∞
0 [ ε(iζ )−1

ε(iζ )+1 ]2dζ . Figure 3(b) shows that

E3D/A agrees with the Lifshitz expression for larger
ω0,3D/ωp,3D. This is not surprising since large ω0,3D/ωp,3D

correspond to the dilute limit. For smaller-frequency
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FIG. 3. (Color online) (a) vdW energy normalized by �ωp,3D per
unit area A vs the separation d . (b) vdW energy normalized by the
Lifshitz expression vs ω0/ωp for half spaces and planes.

ratios, the two expressions differ significantly; e.g., for
ω0,3D/ωp,3D = 3/5, E3D/A is �41% larger than EL/A.

Interestingly, regardless of the diagram order in Fig. 1, all
E3D

l have the same d dependence [1]. However, calculating via
this method, the contribution to the interaction can be separated
into two parts: one originating from the geometry (integration
over r) and another from the response properties (integration
over ζ ). By considering each term separately, we can easily
determine the dominant contribution from the series.

Next, we calculate the interaction between two identical
layers of atomic thickness � [Fig. 2(b)] using the undamped
Lorentz oscillator model, with 2D ωp = ωp,2D and 2D charac-
teristic frequency ω0,2D. Rescaling the variables of Eq. (4) as
before, the integration over r ′

l = 1
2 (r l + r1) extracts the area

of the planes giving the energy density for each El . Applying
again the convolution theorem with the Fourier transformed
Green’s functions, one finds

E2D
l

A
= (−1)l−1

��l

2π2l3 (2l)l
(l + 1)!

dl+2

∫ ∞

0
dζ

(
δε

1 + δε/3

)l

= (−1)l−1 (l + 1) l	
(
l − 1

2

)
�ωp,2D

4π3/2l3 (2l)l
(
1/3 + ω2

p,2D/ω2
0,2D

)l−1/2

�l

dl+2
. (6)

Therefore, the lowest-order term is E2D
2
A

=
− 3�ωp,2D

512π(1/3+ω2
0,2D/ω2

p,2D)3/2
�2

d4 .

The analytic solution for each El shows a clear distinction
between the vdW interaction of 3D and 2D materials. The
E2D

2 /A term has the dominant distance dependence d−4, while
successive terms decay much more rapidly with additional d−2

dependences. E2D
2 /A is consistent with the d−4 vdW energy

dependence between 2D dielectrics [29–31]. It appears that in
the dilute limit, the interaction is captured by E2. Furthermore,
the series from Eqs. (4) and (6) is convergent for all values of
ω0 because of the ll factor in the denominator. Figure 3(b)
shows that E2D

2 /A agrees well with the Lifshitz expression
[31] for larger ω0,2D/ωp,2D values, while there are significant
differences for smaller ω0,2D/ωp,2D.

Next, we calculate the vdW energy for ribbonlike structures
with a common axial direction and atomic thickness �. We
consider two infinitely long, identical, homogeneous ribbons
with finite width w (y axis) [Fig. 2(c)] and two rectangular,
homogeneous systems with finite length L (x axis) and width w

(y axis) [Fig. 2(d)]. It is assumed that the extensions (w,L) are

large enough so the longitudinal and transverse responses have
2D ωp and ω0 frequencies (ωxp,2D,ω0x,2D) and (ωyp,2D,ω0y,2D),
respectively. The perturbation parameter here is δαii (iζ,r) =
� [δ (z) + δ (z − d)] δαii (iζ ) for i = x,y only, while the other
components are zero.

Obtaining analytic solutions for El for the ribbons is
not possible. However, for the infinitely long ribbons, after
redefining x ′

m = xm − xm+1 for m = 1, . . . ,l − 1 and x ′
l =

1
2 (xl + x1) and using the convolution theorem, we obtain

E1D
l

A
= (−1)l−1

�

2π2lwdl+1

∫ ∞

0
dζ

∫ ∞

−∞
dq

∫ w/d

0
dy1 · · ·

∫ w/d

0
dyl

× Tr[	̃0 (�y1) δα	̃0 (�y2) δα · · · 	̃0 (�yl) δα].
(7)

	̃0 (�y) ≡ 	̃0 (q,�y,d) is the one-dimensional (1D) Fourier
transform of the free Green’s function dyadic 	0 over the
x variable after integration over the z variable with �yi =
yi − yi+1.

Considering the limit of w/d < 1 for each E1D
l /A, we find

E1D
l

A
= (−1)l−1

��l

2π2ldl+2

wl−1

dl−1

∫ ∞

0
dζ

∫ ∞

−∞
dq

∞∑
m=0

1

m!

×
(

w

d

l∑
i=1

∂

∂yi

)m

Tr[	̃0 (�y1) δα	̃0 (�y2) δα

× · · · 	̃0 (�yl) δα]y1=···=yl=0. (8)

Note that each successive term contains an extra factor
of w/d. Interestingly, since E1D

l /A ∼ wl−1/dl−1, E1D
2 /A

contains the lowest- and second-lowest-order terms in the
series. Thus the dominant contribution is

E1D
2

A
∼ −��2

16π4d4

w

d

∫ ∞

0
dζ

∫ ∞

−∞
dq

× [
q4K2

0 (q) α2
xx (iζ ) + q2K2

1 (q) α2
yy (iζ )

]
= −75w�2

32768πd5

�ωp,2D(
1/3 + ω2

0,2D/ω2
p,2D

)3/2 , (9)

for identical longitudinal and transverse responses. K0,1(q) are
the modified Bessel functions of the second kind of order 0,
1, respectively. Equation (9) shows that the dielectric response
contribution along the longitudinal and transverse to the axis of
the ribbon is decoupled in E1D

2 . The term ∼w2/d2 in E1D
2 /A

is zero, meaning that the next contribution to the energy is
∼w3/d3. The dominant w/d5 term in the vdW energy agrees
with previous calculations for 1D dielectrics [30].

For the parallel ribbons constrained in all directions
with identical longitudinal and transverse response [flakes,
Fig. 2(d)], we cannot utilize Fourier transformations. Never-
theless, when (w2 + L2)/d2 < 1, the integrals in Eq. (4) can
be evaluated directly, giving

E
f −f

2

A
∼

(
1 − w2 + L2

d2
+ 6w4 + 5w2L2 + 6L4

4d4

)

× −�ωp,2D�2wL

64π2d6
(
1/3 + ω2

0,2D/ω2
p,2D

)3/2 (10)

to the first three orders.
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By now, one sees that many other configurations can be
considered with this method. We present two more—a flake
perpendicular to an infinite half space [Fig. 2(e)] and a flake
perpendicular to another flake [Fig. 2(f)]. Evaluating Eq. (4)
directly, the first term for the flake and half space is

E
f −s

2

A
= −��

256π2wd2

[
1 − 1

(1 + w/d)2

]

×
∫ ∞

0
dζα (iζ )

[
11

6
αzz (iζ ) + αyy (iζ )

]
, (11)

where αzz (iζ ) and αyy (iζ ) are the responses along the width
and length of the flake, respectively, and α (iζ ) is the isotropic
response of the half space.

Finally, the vdW energy for the perpendicular flakes
with identical longitudinal and transverse responses for
(w2 + L2)/d2 < 1 is

E
f −f

2,⊥
A

∼
{[

1 − 1(
1 + w

d

)5

]
+ 10w2

7d2

[
1 − 1(

1 + w
d

)7

]

− 1

54d4
(234w4 + 95w2L2 + 36L4)

[
1− 1(

1+ w
d

)9

]}

× −L�2
�ωp,2D

1280π2d5
(
1/3 + ω2

0,2D/ω2
p,2D

)3/2 . (12)

It is interesting to compare how the vdW energy evolves
with the aspect ratio of the flakes for the parallel and
perpendicular configurations. For large d, the leading behavior
of Eq. (10) is that of two dipoles. Figure 4(a) shows that the
first two terms in Eq. (10) dominate the energy for w/L > 1
and larger separations. For w/L � 1, the last term in Eq. (10)
is responsible for the different functionality in E

f −f

2 and
enhanced magnitude. Figure 4(b) shows that as d increases, the
leading behavior in Eq. (12) is again similar to two dipoles;
however, for smaller d, the higher-order terms also become
important.

We emphasize that our results are especially suitable in
calculating vdW forces between structures with edges. Deter-
mining the electrodynamics in such situations is particularly
difficult; thus spectral representations via mode summation
methods may not be suitable [32]. Although some exact results
for finite solids with constant dielectric responses have been
obtained [33], one usually resorts to numerical calculations
when dealing with nontrivial boundaries [18,19]. However, in
the dilute limit, we are able to handle edge effects relatively
easily. We also point out that our studies are complementary to

FIG. 4. (Color online) (a) Normalized by E0 = −�2wL�ωp,2D/

[64 π 2 (1/3 + ω2
0,2D/ω2

p,2D)3/2] vdW energy vs w/L for two parallel
flakes. Full lines correspond to the first two terms in Eq. (10);
dashed lines correspond to all three terms. (b) Normalized by
E0 = −L�2

�ωp,2D/[1280π 2d6(1/3 + ω2
0,2D/ω2

p,2D)3/2] vdW energy
vs d for two perpendicular flakes.

other work involving perfect conductors with curved or edged
objects [34,35], where the dilute limit is not suitable.

IV. SUMMARY

We have shown that the vdW energy can be formulated
in terms of a perturbative series expansion in the dilute limit.
This is an attractive technique as it can be applied to objects of
arbitrary shapes. Here the emphasis is on planarlike objects.
Our motivation comes from systems such as graphene and
graphene nanoribbons, which have been utilized for applica-
tions where vdW interactions play a crucial role. Quantitative
and qualitative knowledge of the vdW forces is necessary
for the design of devices where such systems are used as
components. A particularly strong feature of this method is
that the geometrical and dielectric response contributions are
separated into a product of a part for the extensions of the
objects and a part for their response properties. The general
formulation and number of studied examples show the relative
ease in applying this approach for many geometries, especially
those with edges.
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