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Pathways for enhancing the thermoelectric performance of bismuth at low temperatures are explored.
These include applying an external magnetic field and nanostructuring. We present a theory describing the
anisotropic thermoelectric properties of bismuth in terms of carrier effective masses, scattering, and band-structure
characteristics obtained from experiment. It is found that the magnetic field or nanostructuring, when applied
separately, can lead to significant improvements in the thermoelectric figure of merit. However, despite their
beneficial yet different effects on the transport, it is shown that applying simultaneously a magnetic field and
nanostructuring is not a feasible way of improving the thermoelectric performance of bismuth.
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I. INTRODUCTION

Thermoelectric (TE) materials have potential applications
in power generation from waste heat and environmentally
friendly refrigeration.1 The efficiency of TE-based devices
is evaluated in terms of the TE figure of merit ZT =
S2σT/κ , where S is the Seebeck coefficient, σ is the elec-
trical conductivity, κ = κc + κph is the thermal conductivity
composed of its carrier (κc) and phonon contributions (κph),
and T is the absolute temperature. Because high-efficiency
devices require high ZT , persistent efforts to improve the
figure of merit values continue. Tremendous progress has
been made in developing experimental techniques for the
synthesis of new materials with enhanced TE properties.
The possibility to manipulate the charge carrier and phonon
transport properties independently at the nanoscale has proven
to be a promising path to increase the Seebeck coefficient and
reduce the thermal conductivity.2 Consequently, significant
enhancement in the figure of merit has been achieved in
granular nanocomposites and bulk matrices with incorpo-
rated nanoparticles.3,4 Relatively inexpensive physical and
chemical methods5,6 have also attracted much attention in
regard to further TE improvements in practical applica-
tions.

From all TE systems that have been of interest, Bi and
BixSb1−x alloys are particularly important. They have the
highest ZT at low temperatures, making them the ultimate
candidates for cryogenic thermoelectric refrigeration. Earlier
work was devoted to transport measurements of these materials
properties in bulk and polycrystals.7–9 More contemporary
experimental and theoretical efforts have been directed toward
enhancing ZT in Bi nanostructures, such as nanowires and
films.10,11 It has also been shown that externally applied
magnetic fields can significantly enhance the Seebeck coef-
ficient, suggesting a different path for improving ZT .12 Bi
and BixSb1−x systems have been studied for many years
now, and they still continue to be a great source for new
scientific discoveries. Quite interestingly, experiments have
shown that Bi has an enormous Nernst coefficient as compared
to other materials. The Nernst coefficient is also oscillatory
as a function of magnetic field in the quantum limit.13,14 In
addition, BixSb1−x alloys have recently been predicted to be

strong topological insulators, characterized by gapless surface
states.15

Although researchers have investigated the effects of
magnetic fields in Bi in the past,12 it is peculiar that there
are no systematic studies, experimental or theoretical, of
all the transport properties entering ZT with carrier and
phonon characteristics obtained from experiment for a single
sample. Bi nanostructures, such as nanowires and thin films,
have also been investigated.16–18 These studies show that the
TE performance is improved due to the reduced thermal
conductivity from phonon boundary scattering, and an external
magnetic field can further enhance the transport as compared to
bulk. Utilizing nanostructuring in composites is a fairly recent
trend, but systematic measurements of bulk Bi incorporating
nanoparticles or granular systems are lacking. In this context,
the search for TE enhancement led us to pose the following
question: Can we explore pathways based on nanostructuring
and applying external magnetic fields to obtain enhanced TE
properties in bulk Bi?

Elemental Bi is a semimetal with low carrier concentration
and anisotropic energy band structure. The charge carrier
transport is governed by electrons and holes with highly
different effective masses. Applying an external magnetic field
induces an admixture between the transport characteristics
in different directions. At the same time, nanostructuring
can enhance carrier and phonon scattering, and may lead
to shortening either the electronic or hole mean free paths.
Here, we present a theory that shows the intricate relationship
between the complicated band structure and the magnitude
and direction of an external magnetic field, and the presence
of nanostructures in the bulk. Our studies are based on
experimentally measured carrier and phonon properties. They
illustrate some unexpected transport functionalities, which can
provide guidelines for potential advantages and limitations of
TE enhancement in Bi.

II. MODEL

Bi has a rhombohedral crystal structure and an equal
number of electrons and holes. Its Fermi surface in the
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FIG. 1. (Color online) (a) Brillouin zone of Bi showing the L and T carrier pockets. (b) Schematics of Bi band structure at L and T points
near the Fermi level. (c) and (d) Temperature dependence of the transport properties along (c) the binary direction and (d) the trigonal direction,
for different values of the applied magnetic field. Solid black and red lines correspond to bulk Bi with no magnetic field.

Brillouin zone [Fig. 1(a)] has three elongated electron pockets
at the L points and a single hole pocket at the T point.7

The charge and heat transport are determined by the energy
band structure [Fig. 1(b)], which we describe using the two-
band Lax model derived via Brillouin-Wigner perturbation
theory,

γ (εe) = εe(k)

(
1 + εe(k)

εg

)
= h̄2

2m0
km−1

e k;

(1)

εh(k) = h̄2

2m0
km−1

h k,

where me and mh are the electron and hole effective mass
tensors, respectively, m0 is the free electron mass, and εg is
the gap in the electronic energy spectrum. The electronic and
hole characteristics and relevant temperature dependencies are
given in Ref. 19.

The transport in Bi is directly related to the transport
distribution tensor

�e,h(ε) = 2

(2π )3

∫
d3kve,h(k)ve,h(k) · τ e,h(k)δ[ε − εe,h(k)],

(2)

where k is the wave vector, v
(i)
e,h(k) = h̄−1∂εe,h(k)/∂ki are

the group velocity components of the carriers and τ e,h(k)
are the corresponding relaxation time tensors. Each
carrier type property, obtained from the Boltzmann
equation within the relaxation time approximation, is
calculated via

σ e,h = e2
∫

dε(−∂f0/∂ε)�e,h(ε), (3a)

T (σ e,h · Se,h) = e

∫
dε(−∂f0/∂ε)�e,h(ε)(ε − μ), (3b)
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T κ0
e,h =

∫
dε (−∂f0/∂ε) �e,h(ε)(ε − μ)2, (3c)

κe,h = κ0
e,h − T ST

e,h · σ e,h · Se,h, (3d)

where μ is the chemical potential, e is the electron charge, and
f0(ε) is the equilibrium Fermi-Dirac distribution function. The
total transport coefficients are

σ = σ e + σh, (4a)

S = (σ eSe + σhSh)σ−1, and (4b)

κ = κe + κh + T σ eσh(Sh − Se)2σ−1 + κL. (4c)

The terms in κ represent the contributions from the electrons,
holes, bipolar diffusion, and lattice, respectively. The bipolar
term is characteristic of materials with carriers of both signs
and arises as a result of electrons and holes moving together
in the same direction and transporting energy without carrying
any net charge.20,21 The lattice thermal conductivity κL is taken
to be a diagonal matrix with components estimated using the
Holland-Callaway model:22,23

κL,ii = kB/
(
2π2v

(i)
ph

)
(kBT /h̄)3

×
∫ θD/T

0
dxτph,ii(x)x4ex/(ex − 1)2, (5)

where τph,ii are the total phonon relaxation times along the
three principal directions [Fig. 1(a)]. The other parameters
specific for Bi, such as speed of sound velocity components
v

(i)
ph and Debye temperature θD , are taken from Ref. 24.

Important components entering Eqs. (2)–(5) are the re-
laxation time tensors τ e,h and τph. They account for the
scattering processes limiting the transport, which are found
using Mathiessen’s rule. Solving the Boltzmann equation in
the presence of a magnetic field yields

τ e,h = (
τ−1

intr,(e,h) + eBm−1
e,h + τ−1

nano,(e,h)

)−1
. (6)

The first term τ intr represents the bulk intrinsic scattering
mechanisms, and we assume that its elements depend on
the wave vector only through the energy: τ intr,(e,h)(k) =
τ 0,(e,h)τ (εe,h(k)), with τ 0,(e,h) being constant diagonal ma-
trices. Here, we take that the dominant scattering comes
from phonons. Thus, the specific form of the energy
dependence, including the effects of nonparabolicity, is
given in the framework of the pseudoparabolic model8

as τ (εe) = (γ (εe)/kBT )−1/2γ ′(εe) and τ (εh) = (εh/kBT )−1/2,
respectively.

The second term describes the effect of an external magnetic
field.9 B denotes the antisymmetric tensor representing the
magnetic field vector. The third term describes the carrier
scattering from nanostructures, which are taken to be of
spherical shape with average equal radii R0 and concentration
x dispersed into the Bi bulk. It is assumed that they do not
affect the electronic structure of Bi, and the interface between
the two materials results in a potential barrier V0, which can
scatter low-energy charge and phonon carriers. Typical values
for the nanoparticle concentration25,26 for this dilute limit are
x � 10%. The relaxation time tensor due to this scattering

process is obtained via the Born approximation through the
Fermi golden rule with diagonal components27,28

τnano,(e,h),ii(ε) = 8h̄R5
0

3π3V 2
0 x

v(e,h)k
8
(e,h)

ge,h(ε)Pe,h(ε)v(i)
(e,h)

, (7)

where ge,h(ε) are the carrier density of states (Eq. (1)) and
Pe,h(ε) = 4ke,hR0 sin(4ke,hR0) + cos(4ke,hR0) + 32k4

e,hR
4
0 −

8k2
e,hR

2
0 − 1.

Finally, the total phonon relaxation time is written as τph =
(τ−1

intr,(ph) + τ−1
nano,(ph))

−1, where the intrinsic bulk phonon scat-
tering processes τ intr,(ph) are well described by phonon-phonon
Umklapp scattering.21 The phonon scattering from the nano-
inclusion interfaces is estimated within the near-geometrical
scattering approximation29 as τnano,(ph),ii = 2R0/3xv

(i)
ph.

III. RESULTS

If no magnetic field and nanostructures are present, the TE
transport is determined by the intrinsic scattering mechanisms.
We use the experimental data for the anisotropic transport
properties of Bi single crystals reported by Gallo et al.21

to determine some of the parameters entering the charge
and phonon relaxation times. From the partial Seebeck
coefficients reported in Ref. 21, the temperature-dependent
Fermi levels for each type of carrier are determined. Using the
electrical resistivities and partial mobility ratios, the relaxation
time constants in τ 0,(e,h) are also found. Next, the lattice
thermal conductivities κL are estimated by subtracting the
calculated electron and hole contributions from the reported
total measured κvalues. This allows us to finally estimate
the intrinsic phonon relaxation times τ intr,(ph). The calculated
TE properties are now in excellent agreement with the
measurements reported in Ref. 21 and are shown for reference
in Figs. 1(c) and 1(d). One notices that the highest ZT is
obtained along the trigonal direction.

Gallo et al.21 had suggested that if there were one
predominant type of carrier in Bi, significant TE improvement
could be expected. This should ensure that the Seebeck
coefficient would be maximized [Eq. (4b)] and the thermal
conductivity [Eq. (4c)] would be reduced, resulting in an
overall enhanced ZT . Our calculations show that this can be
achieved in two ways: through externally applied magnetic
field or nanostructuring.

Applying a magnetic field along a certain direction does
not influence the transport along that direction. However, the
properties along the other directions become mixed. This is
a result from the product between the effective mass me,h

and antisymmetric B tensors [Eq. (6)]. Here, we consider
the case of a magnetic field along the bisectrix B = (0,B,0).
The transport is determined [Eq. (2)] by the quantity F =
vv · τ , where components along the principal directions are
(for simplicity, the subscripts [e,h] are omitted):

F11 = m3τ1v1(eBτ3v3 + m1v1)

e2B2τ1τ3 + m1m3
, F22 = τ2v

2
2,

F33 = m1τ3v3 (−eBτ1v1 + m3v3)

e2B2τ1τ3 + m1m3
. (8)
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Results for the calculated transport properties are shown in
Figs. 1(c) and 1(d). It appears that the electrical resistivity
increases most significantly for electrons at lower T . This
is understood by examining Eq. (8). The magnetic field
introduces admixture to the transport from carriers in different
directions contributing with different temperature-dependent
masses. This transport balance is affected more when B is
stronger. Because of the larger differences in masses for
the electrons and holes entering through F = vv · τ and the
lesser contribution from carrier-phonon scattering at lower
temperatures, the electron resistivity is larger in magnitude
in that regime.

The magnetic field also increases the absolute values of the
partial Seebeck coefficients with minor differences in the total
S for the directions shown. One sees that the total S along
both directions is positive for the displayed B, in agreement
with other theoretical calculations12 and experimental data.9

This is explained by noticing that the values of the partial ρe,h

and Se,h are responsible for the change in sign of the total S

[Eq. (4b)], indicating that hole carriers determine the transport.
Since the holes dominate the transport at lower T , the Seebeck
coefficient is positive and not affected significantly by the
applied B. As the temperature increases, the electrons become
more important. Since Se and Sh are of opposite signs, Stotal

decreases for larger T .
Surprisingly, ZT along the binary direction shows higher

values for B �= 0 as compared to ZT along the trigonal
direction with B = 0, whereas the performance along the
trigonal direction with B �= 0 is rather diminished as compared
to the B = 0 case. The behavior is a consequence of not only
the difference in effective masses for the two carriers, but also
of the admixture of the transport characteristics along the two
directions, as realized by analyzing the components F11 and
F33 [Eq. (8)]. Since m3,h is much larger than any other effective
mass (it is about an order of magnitude larger than any other
mi,e or m1,2,h),19 F11,h > F33,h forB �= 0, and thus ρ11,h <

ρ33,h. This ultimately leads to an oscillatory-like behavior of
ZT as a function of T , with its best TE performance along the

binary direction in the temperature range 200 K < T < 250 K
[see Figs. 1(c) and 1(d)].

Next, we consider bulk Bi containing nanostructured
spherical inclusions and no magnetic field applied. The TE
transport properties can be calculated using Eqs. (1)–(7),
and the results for ZT are given in Fig. 2. The scattering
time [Eq. (7)] shows that the changes in the TE transport
are interrelated upon the inclusions radii, barrier height, and
concentration. An increase in V0 or decrease in R0, for
example, can result in similar changes in the TE properties
of the composite. One notices that for a certain range of
V0 and T , the TE performance is significantly increased
for both the binary and trigonal directions. Our calculations
show that the low-energy holes are more efficiently scattered
by the inclusions due their larger effective masses, making
electrons the predominant charge carriers. Even though the
larger increase of ZT relative to bulk is obtained for direction
(1), these values are lower than those for pure bulk along
direction (3). The best TE performance is obtained along the
trigonal direction. The absolute values of the partial Seebeck
coefficients are increased for both directions, as expected
due to the additional filtering introduced by the inclusions.
Also, the total Seebeck coefficient is increased because of
the large difference in the partial electrical resistivities. The
values of S are negative for the entire temperature range, thus
indicating that electrons are the dominant carriers. The κvalues
are further reduced due to the extra reduction in the lattice
thermal conductivity caused by the presence of inclusions.
Because of the difference in the electronic effective masses
for the two directions, the transport along the trigonal axis
is much more sensitive to the height of the interface barrier,
but not so sensitive to the size of the inclusions, while the
transport along the binary axis strongly depends on both V0 and
R0. In general, however, it appears that nano-inclusions with
smaller dimensions result in better TE performance for both
directions.

So far, we have explored two separate pathways for
improving the TE performance of Bi, both consisting in

FIG. 2. (Color online) Figure of merit as a
function of temperature for Bi with nanostructured
inclusions along (a) the binary and (b) the trigonal
directions. Solid red (dark gray) and black lines
correspond to bulk Bi.
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FIG. 3. (Color online) Figure of merit for Bi with nanostructured inclusions (x = 10%) and an external magnetic field as a function of
(a) the potential height of the barrier, (b) the inclusions size, and (c) the strength of the magnetic field at T = 200 K.

selective filtering of one type of carrier. While applying an
external magnetic field made holes the predominant carriers,
inserting nano-inclusions in the bulk material resulted in
electrons determining the TE transport. Our findings show
that it is possible to obtain improved TE performance by using
both methods separately. The logical question follows: Can
we combine both beneficial effects and obtain even further
increase in ZT ?

To answer the question, we consider bulk Bi containing
nanostructured spherical inclusions and an externally applied
magnetic field along direction (2). The results for the ZT

dependence on the parameters of the inclusions and the
strength of the magnetic field are shown in Fig. 3 at T =
200 K. The ZT values for pure bulk Bi are also shown for
reference as horizontal levels. Generally, the TE performance
when inclusions and an external magnetic field are present
is diminished for both directions as compared with bulk
values along direction (3). Figure 3(a) shows that while ZT

appears to have an optimum value for certain potential heights
whenB �= 0, its values are diminished as compared to the case
when only inclusions are present or only B is applied. From
Fig. 3(b), one sees that in the presence of a magnetic field, as the
inclusion size decreases, the TE performance also decreases.
Conversely, when the inclusions size is larger, making its
effect less significant, the ZT values approach that of the
bulk in magnetic field [indicated with horizontal dashed lines

in Fig. 3(b)]. Figure 3(c) shows that while it is possible to find
some optimum values for the magnetic field strength, the ZT

values are again diminished in the presence of inclusions.

IV. SUMMARY

We calculated the TE properties for different parameters of
the inclusions, magnetic field strengths, and temperatures and
found that generally they diminish the overall TE performance.
While separately applying an external magnetic field or
inserting nano-inclusions results in an improvement of the TE
transport, combining both techniques reduces it. Our findings
suggest that since the magnetic field filters out most of the
electrons, nanostructures scatter the holes. Thus, applying both
of these methods simultaneously does not lead to any gain in
ZT . It appears that combining these two effects is not a feasible
way of improving the TE performance of Bi. A much more
effective route to increase the figure of merit would be to use
either one of these methods separately.

ACKNOWLEDGMENTS

We acknowledge support from the National Science Foun-
dation under contract CBET-0932526. Discussions with M. S.
Dresselhaus, H. J. Goldsmid, and J. P. Heremans are also
acknowledged.

*Corresponding author: apopesc2@mail.usf.edu
1G. S. Nolas, J. Sharp, and H. J. Goldsmid, Thermoelectrics: Basic
Principles and New Materials Development (Springer, New York,
2001).

2G. Chen, M. S. Dresselhaus, G. Dresselhaus, J. P. Fleurial, and
T. Caillat, Int. Mater. Rev. 48, 45 (2003).

3B. Poudel, Q. Hao, Y. Ma, Y. Lan, A. Minnich, B. Yu, X. Yan,
D. Wang, A. Muto, D. Vashaee, X. Chen, J. Liu, M. S. Dresselhaus,
G. Chen, and Z. Ren, Science 320, 634 (2008).

4N. Mingo, D. Hauser, N. P. Kobayashi, M. Plissonnier, and
A. Shakouri, Nano. Lett. 9, 711 (2009).

5G. Joshi, H. Lee, Y. Lan, X. Wang, G. Zhu, D. Wang, R. W. Gould,
D. C. Cuff, M. Y. Tang, M. S. Dresselhaus, G. Chen, and Z. Ren,
Nano Lett. 8, 4670 (2008).

6J. Martin, G. S. Nolas, W. Zhang, and L. Chen, Appl. Phys. Lett.
90, 222112 (2007).

7J. P. Issi, Aust. J. Phys. 32, 585 (1979).
8J. Heremans and O. P. Hansen, J. Phys. C 12, 3483 (1979).
9I. F. I. Mikhail, O. P. Hansen, and H. Nielsen, J. Phys. C 13, 1697
(1980).

10X. Sun, Z. Zhang, and M. S. Dresselhaus, Appl. Phys. Lett. 74,
4005 (1999).

11A. J. Levin, M. R. Black, and M. S. Dresselhaus, Phys. Rev. B 79,
165117 (2009).

12T. Teramoto, T. Komine, M. Kuraishi, R. Sugita, Y. Hasegawa, and
H. Nakamura, J. Appl. Phys. 103, 043717 (2008).

13K. Behnia, M. A. Measson, and Y. Kopelevich, Phys. Rev. Lett. 98,
076603 (2007).

115202-5

http://dx.doi.org/10.1179/095066003225010182
http://dx.doi.org/10.1126/science.1156446
http://dx.doi.org/10.1021/nl8031982
http://dx.doi.org/10.1021/nl8026795
http://dx.doi.org/10.1063/1.2745218
http://dx.doi.org/10.1063/1.2745218
http://dx.doi.org/10.1088/0022-3719/12/17/019
http://dx.doi.org/10.1088/0022-3719/13/9/016
http://dx.doi.org/10.1088/0022-3719/13/9/016
http://dx.doi.org/10.1063/1.123242
http://dx.doi.org/10.1063/1.123242
http://dx.doi.org/10.1103/PhysRevB.79.165117
http://dx.doi.org/10.1103/PhysRevB.79.165117
http://dx.doi.org/10.1063/1.2840060
http://dx.doi.org/10.1103/PhysRevLett.98.076603
http://dx.doi.org/10.1103/PhysRevLett.98.076603


ADRIAN POPESCU, LILIA M. WOODS, AND GEORGE S. NOLAS PHYSICAL REVIEW B 85, 115202 (2012)

14K. Behnia, M. A. Measson, and Y. Kopelevich, Phys. Rev. Lett. 98,
166602 (2007).

15J. C. Y. Teo, L. Fu, and C. L. Kane, Phys. Rev. B 78, 045426 (2008).
16K. Lee, S. Lee, S. N. Holmes, J. Ham, W. Lee, and C. H. W. Barnes,

Phys. Rev. B 82, 245310 (2010).
17D. Lukermann, S. Sologub, H. Pfnur, and C. Tegenkamp, Phys.

Rev. B 83, 245425 (2011).
18T. E. Huber, A. Adeyeye, A. Nikolaeva, L. Konopko, R. C. Johnson,

and M. J. Graf, Phys. Rev. B 83, 235414 (2011).
19M. P. Vecchi and M. S. Dresselhaus, Phys. Rev. B 10, 771 (1974).
20C. Uher and H. J. Goldsmid, Phys. Stat. Sol. (b) 65, 765 (1974).
21C. F. Gallo, B. S. Chandrasekhar, and P. H. Suter, J. Appl. Phys. 34,

144 (1963).

22J. Callaway, Phys. Rev. 113, 1046 (1959).
23M. G. Holland, Phys. Rev. 132, 2461 (1963).
24Y. Eckstein, A. W. Lawson, and D. H. Reneker, J. Appl. Phys. 31,

1534 (1960).
25S. V. Faleev and F. Leonard, Phys. Rev. B 77, 214304 (2008).
26J. Zhou, X. Li, G. Chen, and R. Yang, Phys. Rev. B 82, 115308

(2010).
27A. Popescu and L. M. Woods, Appl. Phys. Lett. 97, 052102

(2010).
28L. D. Landau and E. M. Lifshitz, Quantum Mechanics

(Non-Relativistic Theory), 3rd ed. (Pergamon Press, New York,
1977), Vol. 3.

29W. Kim and A. Majumdar, J. Appl. Phys. 99, 084306 (2006).

115202-6

http://dx.doi.org/10.1103/PhysRevLett.98.166602
http://dx.doi.org/10.1103/PhysRevLett.98.166602
http://dx.doi.org/10.1103/PhysRevB.78.045426
http://dx.doi.org/10.1103/PhysRevB.82.245310
http://dx.doi.org/10.1103/PhysRevB.83.245425
http://dx.doi.org/10.1103/PhysRevB.83.245425
http://dx.doi.org/10.1103/PhysRevB.83.235414
http://dx.doi.org/10.1103/PhysRevB.10.771
http://dx.doi.org/10.1002/pssb.2220650237
http://dx.doi.org/10.1063/1.1729056
http://dx.doi.org/10.1063/1.1729056
http://dx.doi.org/10.1103/PhysRev.113.1046
http://dx.doi.org/10.1103/PhysRev.132.2461
http://dx.doi.org/10.1063/1.1735888
http://dx.doi.org/10.1063/1.1735888
http://dx.doi.org/10.1103/PhysRevB.77.214304
http://dx.doi.org/10.1103/PhysRevB.82.115308
http://dx.doi.org/10.1103/PhysRevB.82.115308
http://dx.doi.org/10.1063/1.3464288
http://dx.doi.org/10.1063/1.3464288
http://dx.doi.org/10.1063/1.2188251

