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ABSTRACT van der Waals interactions between finite-length single-wall carbon
nanotubes and graphene nanoribbons are calculated including all many-body
contributions. Comparative studies between the total two-, three-, four-, andmany-
body interaction energies are performed using the coupled dipole model. It is
shown that the graphitic dispersive interaction is of truly collective nature. The
combined effect of the size of the nanostructures, their anisotropy, orientations,
and relative displacements can be captured accurately only when all many-body
contributions are taken into account. This is of particular importance for nanotube
and nanoribbon axial sliding, where the largest deviations between the few-body
and many-body interaction energies are found.

SECTION Nanoparticles and Nanostructures

T he van der Waals (VDW) dispersion forces are impor-
tant in many physical, chemical, and biological phe-
nomena. VDW forces are universal since they are

present between any atoms, molecules, and/or clusters sepa-
rated by a distance. They originate from the electromagnetic
fluctuations of the electrons in the interacting objects and are
of quantum mechanical and dispersive nature. Such forces
depend strongly on the geometry, size, atomic nature, and
dielectric response of the involved objects.

Currently, VDW interactions have drawn significant inter-
est due to their dominance in many nanostructured, biologi-
cal, and colloidal materials and devices. For example, the
efficient functionality of microelectromechanical systems
and nanoelectromechanical systems is directly related to
the VDW force.1,2 Such interactions affect the dispersion of
nanoclusters and nanocolloids in suspension.3 The stability
of many nanostructures, more specifically, multiwall carbon
nanotubes (CNTs), nanotube ropes and bundles, and gra-
phene nanoribbons (GNRs), is effectively due to these dis-
persive forces. VDW forces are also responsible for the
successful operation of many devices which involve carbon
nanotubes. Some examples are carbon nanotube oscillators,
actuators, and nanotube-based AFM applications.4-7 Phe-
nomena such as adsorption and deformation involving
carbon nanotubes and nanoribbons can also be a direct
consequence of VDW interactions.7-11

Thus, understanding the nature of the VDW dispersion
forces is of great pertinence for the description and prediction
of various phenomena and devices involving graphitic mate-
rials. In this regard, taking into account size, geometry, and
dielectric response of the involved objects is of particular
importance. The VDW interaction is usually calculated within
thepairwise summation approximation utilizing the London's
formula for the interacting potentialUij=-C6/rij

6 derived from
perturbation theory,12where rij is the distancebetweenatoms

i and j and C6 is a constant. For structures with a relatively
small number of atoms, the VDW interaction is calculated by
summing over all possible pairs ij, and C6 is taken from
existing experimental data. For larger objects, the summa-
tion is substituted with integration over the structure volumes
(the Hamaker method13). Although these approaches are
relatively easy to apply, they ignore many-body, i.e. screening
effects assuming 1/r6 atomic distance dependence.

To improve the pairwise London approximation, research-
ers have adapted the Dzyaloshinskii-Lifshitz-Pitaevskii
(DLP)method14 developed formacroscopic objects originally.
This approach takes into account screening and retardation
(which is significant at large separations where the Casimir
force becomes apparent) in a consistent manner, but it has
been applied to planar geometries only.15 As an alternative,
the DLP-Derjagun has been developed,16 which assumes
that at very close separations, the objects can be represented
as a collection of parallel plates. Then, the resulting VDW
interaction is calculated as a sum of the exact DLP result for
eachmacroscopic parallel platepair. Hence, this is an inherent
additive pairwise approach which ignores the discrete atomic
structures and assumes the that nanostructures' dielectric
response properties are the same as those for bulk.

At the same time, many reports have shown that the
microscopic nature of the nanostructures is particularly im-
portant for their VDW interactions.17-19 In the case of gra-
phitic systems, for example, the VDW interaction depends on
the mutual orientation of the carbon rings. More specifically,
the preferred orientation of graphenes occurs in an AB
stacking fashion corresponding to the center of one ring being
above a carbon atom from the second one.20 In addition, the
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polarizabilitywhichaccounts for thedispersion andabsorption
properties of each object is significant for the VDW interaction.
However, the CNT polarizability, which is determined by their
semiconducting or metallic properties through the chirality
index, depends strongly on the nanotube length.21-25

Most theoretical investigations of CNT interactions have
been done for infinitely long structures. These usually
involve calculating the VDW interaction using the Hamaker
approximation; thus, all many-body effects and discrete
atomic nature are ignored.26,27 Some researchers have
also applied the DLP-Derjagun approximation.28,29 In
addition, few results for the VDW interactions between
finite-length CNTs using the Hamaker approach have
been reported in regards to the carbon nanotube oscillator
concept.30,31 We are not aware of any investigations for
GNR VDW interactions.

In this Letter, we focus on the mutual VDW interactions
between finite-length carbon nanotubes and graphene nano-
ribbons in thenonretarded regime. The timedelaydue the the
finite speedof light canbe ignored if the size of theobjects and
their separations are less than20nm.32 Thedistancebetween
the graphitic nanostructures here will be on the order of
severalÅ, and their sizewill be less than70Å; thus, retardation
can be ignored. Our goal is to provide qualitative and quanti-
tative understanding of the collective nature of this phenom-
enon.We aimatdetermining the suitability of the two-, three-,
and/or four-body approximations for capturing the registry
dependence and magnitude of the VDW interaction. For this
purpose, we employ the discrete coupled dipole method
(CDM),32,33 which overcomes the difficulties of DLP and
DLP-Derjagunapproximations for finite nanostructures. This
is a unique technique since it takes into account the discrete
atomic nature of the structures and it allows the inclusion of
all many-body interactions, that is, screening effects are
inlcuded.19,34 In addition, the use of this method is strength-
ened even more since it gives exactly the same solution
originating fromquantummechanical considerations.Within
theCDM, thedispersive forces are formulatedas a result of the
collective interaction between all atoms of the system. The
advantages of this approach are that all many-body effects,
the types of different atoms, and their specific locations are
taken into account simultaneously. In addition, the method
allows the total energy to be represented as a sum of various
many-body terms; thus, one can determine the importance of
each contribution separately.

Within the CDM, each finite CNT or GNR structure is
modeled as an arrangement of N dipoles positioned at the
location of each atom. The corresponding energy is calcu-
lated from the zero-point ground-state fluctuations of all
atomic dipoles comprising the objects. The polarizability of
every atom for a particular structure is described by the
isotropic Drude model as Ri(ω)= R0iω0i

2 /(ω0i
2 - ω2), where

R0i is the static polarizability and ω0i is the characteristic
frequency of the ith atom (i=1/N). There is a dipolemoment
pi at each atomic site i generated from the induced electric
field Ei

ind from the rest of the atoms if no external electric
field is applied. Therefore, using pi = RiEi

ind, where Ei
ind=P

j=1, j 6¼iTijpj, Tij = (3rijrij - rij
2I)/rij

5 (Tij=0 if i = j) is the
dipole-dipole interaction tensor, with rij as the radius vector

between those atoms and I as the 3� 3 identity matrix, one
obtains the following set of 3N coupled equationsĆ
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This self-consistent system corresponds to the general
eigenvalue problem, which we solve using standard
algorithms. We are particularly interested in the positive
eigenvalues ωn, which give the allowed coupled modes of
the entire structure. The many-body VDW energy of the
system is determined asU= p

P
n=1
3N (ωn-ω0i)/2. Then, the

totalmany-bodyVDWenergybetween twonanostructuresA
and B with atoms NA and NB, respectively, is found using

UTN ¼ p
X3NA þ3NB

n¼1

ωn=2- p
X3NA

n¼1

ωn=2- p
X3NB

n¼1

ωn=2 ð2Þ

where the appropriate self-energies are subtracted. UTN

represents the total VDW interaction energy between the
two systems, which accounts for all many-body effects, the
atomic corrugation, and geometry of each structure.

The structures of interest here are finite single-wall CNTs
andgraphiticGNRs.A single-wall carbonnanotube isobtained
by rolling a graphene sheet into a cylinder with a diameter
∼nm. A typical CNTusually has a length of several μm, and it
is characterized by a chirality index (n,m).35 AGNR is obtained
by cutting a stripe from a graphene sheet36 or by unzipping a
CNT along its axis.37 GNRs are also quasi-one-dimensional
structures with chirality-dependent transport behavior, but
they are planar. Considering the fact that there aremanyways
to cut the graphene sheet, in the present work, we focus on
GNRsobtainedbyunfolding a specific CNTalong its axis. Thus,
GNRs are characterized with the same chiral indices as those
used for the CNTs from which they are obtained.38,39

We present calculations of VDW interactions using eq 2 for
the following graphitic structures derived from a (6,0) CNT
with passivated free bonds by H atoms. The length along the
z-axis for the longer structures is 68.92 Å corresponding to 16
translational unit cells along z-axis (CNT16, GNR16) and for the
shorter ones is 30.58 Å corresponding to 7 translational unit
cells along z-axis (CNT7, GNR7). For all studied con-
figurations, the initial surface-to-surface separation between
the two surfaces is taken to be D0= 3.4 Å (Figure 1), which is
the approximate equilibrium distance between graphene
sheets in graphite and between carbon nanotubes in nano-
tube bundles.40,41 The highly symmetric carbon ring mutual
orientations are denoted in Figure 1d as top (T), bridge (B),
and hollow (H). The Tand H are the well-known AB- and AA-
stacking in graphite, respectively,20 while the B was shown to
be preferred for some benzene-derived molecules adsorbed
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on graphitic systems.42 It turns out that the T, H, and
B stackings are also important for the strength of the VDW
interaction in terms of the particular nanostructures and the
type of mutual displacement.

To facilitate the calculations, a set of parameters for the
static polarizabilities and characteristic frequencies must be
taken. Many studies evaluating VDW interactions usually rely
on the atomic values for R0i and ω0i.

18,26,43 This means that
the atomic characteristics stay the same as they form a
molecule or a cluster, and the molecular static polarizability
is obtained by simply summing the atomic polarizabilities.
However, it has been repeatedly shown that this concept is not
correct, and in many instances, choosing atomic R0i and
ω0i does not describe relevant experimental data.44-46 In
our calculations, we take the following parameters for the
CNT static polarizabilities and characteristic frequencies:
RH=0.19 Å3, RC = 1.25 Å3, ωH=1.41 � 1016 rad/s, and
ωC = 1.85 � 1016 rad/s. These parameters have been shown
to be successful when describing properties of cylindrically
circular CNTs.22 For GNRs, we take static polarizabilities and
characteristic frequencies appropriate for planar aromatic
molecules,45,46 RH=0.25 Å3, RC = 0.85 Å3, ωH=1.41�
1016 rad/s, and ωC=1.85 � 1016 rad/s.

Figure 2presents results for the calculated totalmany-body
VDW interaction energy UTN for short and long CNTs, a short
CNTand a long GNR, and short and longGNRs as a function of
surface-to-surface distanceD0 when the two structures have a
common axial direction and are moved away from each
other. For such a situation, the relative orientation of the
hexagonal rings (H stacking for two CNTs and CNT/GNR and
B stacking for two GNRs) stays the same for all values of D0.
One sees that the interaction energy decreases monoto-
nically as the distance is increased and |UTN(CNT16-CNT7)|<
|UTN(GNR16-CNT7)| < |UTN(GNR16-GNR7)| for all D0. The
fact that the attraction between the two GNRs is the strongest
is due to the larger aspect ratio since the overlap between the
nanoribbons is the largest. Consequently, due to the CNT
cylindrical curvature, fewer atoms are found at a closer
distance, and UTN(CNT16-CNT7) is the weakest.

Besides the separation of graphitic structures by moving
themaway fromoneanother, otherpossible configurations can
be considered. Here, we study the sliding of one nanostructure
along the x- and z-axis with respect to the other (Figure 3).
The interaction energy for the displacement along the axial

direction is of particular importance for modeling of carbon
nanotube and graphitic nanoribbon bearing devices, which
have been proposed and/or demonstrated recently.6,30,31 In
addition,UTN for the relative displacement for all directions can
be used to understand the corrugation of graphitic surfaces
with different curvatures or even find mechanisms to distin-
guish nanotubes or nanoribbons by helical angles via interac-
tion with larger graphitic surfaces.47-49

Figure 3 shows that there are oscillatory-like features for
the axial sliding. These are much more pronounced for the
CNT/CNT and GNR/GNR relative motions. For example, the
difference between the minimum and maximum energies
for GNRs is |UTN

min- UTN
max| = 334meV, while |UTN

min- UTN
max|=

3meV for the CNT/GNR system. These features are attributed
to a purely geometrical effect arising from the preferential
orientation of the carbon rings. It is interesting to note that the
strongest interaction corresponding to UTN

min occurs when the
carbon rings are in H stacking (Figure 1d), while the UTN

max is
associatedwith the B stacking for the CNT/GNRand GNR/GNR
z-sliding. For the CNT/CNT, the oscillations in UTN are rather
irregular with altering T and H preferred stackings. This is
unlike the case of the graphene/graphene VDW interaction,

Figure 1. (a) Two (6,0) nanotubes (CNT16-CNT7); (b) (6,0) nanoribbon and (6,0) nanotube (GNR16-CNT7); (c) two (6,0) nano-
ribbons (GNR16-GNR7); (d) stacking symmetry of the hexagonal rings; T-top, B-bridge, and H-hollow. The surface-to-surface distance is
D0 = 3.4 Å.

Figure 2. Totalmany-bodyVDWenergy as a function of surface-to-
surface separation distance D0 for two nanotubes (CNT16-CNT7),
nanoribbon and nanotube (GNR16-CNT7), and two nanoribbons
(GNR16-GNR7). The studied configurations and the direction of
displacement are also shown.
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which is strongest for T stacking of the hexagonal rings
(AB stacking). The oscillatory-like features are still present
for larger displacements (>|20| Å), but they are much less
pronounced as the overlap area between the structures
decreases. This behavior is lost for graphitic structure slid-
ings along the x-axis, for whichUTN decreasesmonotonically
for larger displacement.

Comparing the strengths of the VDW interaction betweens
the different structures shows that the strongest attraction
occurs between two GNRs regardless of their orientation. In
fact, UTN for GNRswith a parallel z-axis is∼3.4 times stronger
than UTN when there is at least one CNT involved. Thus, the
planar geometry is a key to much more stable configurations
due to the greater surface overlap. This indicates that it is
much more difficult to separate two GNRs than two CNTs or
a CNT from a GNR.

We further investigate the question of the important con-
tributions originating from the inherently collective nature of
this phenomenon. Many of the reported studies dealing with
the CNT and graphene do not take many-body interactions
into account but rather use the continuous Hamaker ap-
proach.2,26,27,30,31 While this may be appropriate for materi-
als which are weakly polarizable with isotropic polarizability
and relatively small screening effects, it is not clear if such
a two-body VDW interaction is applicable to graphitic nanos-
tructures. It iswell-known that graphitic nanostructuresdonot
possess these features; they have chirality- and length-depen-
dent anisotropic polarizabilities and screening effects.21-25

At the same time, their VDW interaction is registry-depen-
dent, which is not realistically described by the pairwise
model.47-49 In fact, comparing the interaction potential
obtained from ab initio calculations and the one from the
London approach shows that the two-body potential is much
too smooth to capture the corrugation effects for intertube
displacements.48 This happens because the two-body poten-
tial is isotropic since it depends on the atomic distances only.
Thus, in general, this approximation is not suitable to describe
the anisotropic CNTand GNR response properties.

The standard approach to improve the interaction in finite
structures has been to simply add the three-body VDW force
using the Axilrod-Teller-Muto expression.50,51 Usually, this

is sufficient for noble gases for which the three-body terms
become prominent at small distances.52 For nanoclusters
made out of other materials, such as Na, Au, Ag, or Si, studies
indicate that the inclusion of terms beyond the two-body and
three-body contributions is necessary to describe the VDW
interaction correctly.3,19,52-54

The CDM approach allows one to take into account simul-
taneously all relevant factors, such as discrete atomic posi-
tions and collective excitations for finite systems, in a natural
way. Furthermore, we can calculate the contribution from
different n-body terms and determine how each one affects
the VDWenergyU using the binomial theorem and construct-
ing a power expansion in terms of the atomic polarizabilities
U=

P
n=2
N Un.

55,56 EachUn containsN(N- 1)...(Nþ 1- n)/n!
terms. Thus, the number of terms for each successive n-body
interaction is ∼N times larger than the previous one. At the
same time, Un ≈ 1/r3n. For large separations, the contribu-
tion for three-body, four-body, and higher-order interactions
diminishes greatly due to that distance dependence.However,
for close separations, like the equilibrium distances in graphi-
tic nanostructures, the ∼Nn dependence of each Un can
overcome the 1/r3n functionality and give substantial contri-
butions to the total VDW energy.52 This competing behavior
between the large number of terms for Un interactions and
the relatively small distances between graphitic materials
is a key factor in the inherently many-body nature of their
VDW forces.

To give a quantitative description of this issue, we evaluate
the total two-body (UT2), three-body (UT3), four-body (UT4),
and many-body UTN using eq 2 for two (6,0) CNTs, (6,0) CNT
and (6,0) GNR, and two (6,0) GNRs with five unit cells along
the z-axis (22.06Å)when the nanostructures aremoved apart
along the y-direction. The results are given in Figure 4. It is
evident that for two CNTs (Figure 4a), the two-body interac-
tion overestimates themany-body UTN. AddingUT3 decreases
UT2, while adding UT4 increases UT2 þ UT3 as compared to
UTN. For the CNT and GNR interaction (Figure 4b), it seems
that UT2 is almost the same as UTN, and the effects of UT3 and
UT4 have similar trends as those for the two CNTs. For the
GNRs, however, the two-body interaction is smaller than the
many-body UTN, and its deviation is larger than the UT2/UTN

Figure 3. Total many-body VDWenergy as a function of displacement for (a) two nanotubes (CNT16-CNT7), (b) nanoribbon and nanotube
(GNR16-CNT7), and (c) two nanoribbons (GNR16-GNR7) in three sliding geometries. The displacement corresponds to the relative
separation between the centers of mass of the nanostructures along the relevant axis. “Parallel” refers to a common axial direction for the
two nanostructures, and “perpendicular” refers to the case when the nanostructure axes are perpendicular. The sliding geometries are
depicted in the insets. The surface-to-surface distance along the y-axis is kept constant at -3.4 Å.
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deviation for the two CNTs. Our calculations show that for all
considered systems, UT3 is always positive; thus, when added
to the negative UT2, UT2 þ UT3 decreases. UT4 is always
negative, and due to the large number of terms, it becomes
significant at distances of D0 < 20 Å. When the separation
between the nanostructures becomes comparable or larger
than their size, the largest contribution to UTN is mainly from
the two-body interaction.

These results suggest that, since Un ≈ Nn for larger nano-
structures at their equilibrium distances (∼3.4 Å), the contri-
bution from each n-body interaction is bigger than the pre-
vious Un-1 term. At the same time, the altering signs of the
different Un (negative for n odd and positive for n even) from
the binomial expansion can cause severe cancellations inU=
ΣnUn. This balance between the magnitude of each indepen-
dent term and its sign is strongly dependent on the size of the
particular nanostructures and their mutual displacements.

Further investigations show the importance of the
many-body nature of the VDW long-ranged interactions
for the different sliding displacements. In Figure 5, we show
our results for the two-body and three-body termswhen the
shorter nanostructure slides along the longer one keeping
a common axial direction. The deviations of UT2 from UTN

are rather different for the considered cases. When there
is a CNT involved (Figure 5a, b), UT2 always overestimates

UTN. Also, for two CNTs, the registry dependence of the two-
body VDWenergy is much less pronounced than the one of
the total energy. There are also nonlinearities in UTN which
are missing in UT2; the largest difference between H and T
stackings inUTN is 0.21 eV,while it is only 0.01 eV inUT2. This
oscillatory-like behavior is at a much smaller scale for both
UT2 and UTNwhen the CNTslides along a GNR. For two GNRs
sliding along the axial direction, however, UT2 underesti-
mates UTN by ∼20% at a displacement of less than |20| Å
(Figure 5c). The UT2 oscillatory features are also much less
pronounced when the two structures overlap (compare
|UT2

min - UT2
max| = 0.02 eV and |UTN

min - UTN
max| = 0.33 eV),

and they are lost when the GNRs do not overlap completely
at a displacement of more than |20| Å. In all cases,
adding UT3 and/or UT4 does not provide any remedy to the
two-body interaction; on the contrary, it results in even
bigger discrepancies.

These findings are of particular importance to practical
situations involving graphitic nanostructure axial sliding, such
as CNT oscillators and rotating actuators, which operate at
equilibrium surface-to-surface distances. Practically all de-
scriptions for nanotube oscillators, for example, have been
obtained using models based on the two-body VDWapproxi-
mationwith constants appropriate for graphite.30 Our results,
however, indicate that such an approach does not describe

Figure 4. VDWenergies corresponding toUTN,UT2,UT2þUT3, andUT2þUT3þUT4 interactions as a function of separation distanceD0 for (a)
two (6,0) nanotubes (CNT5-CNT5), (b) (6,0) nanoribbon and (6,0) nanotube (GNR5-CNT5), (c) and two (6,0) nanoribbons (GNR5-GNR5) with five
translational unit cells.The relative geometries are also shown as insets.

Figure 5. VDW energies for UTN, UT2, and UT2 þ UT3 energies as a function of the center of mass displacement along the z-direction for
(a) two nanotubes (CNT16-CNT7), (b) nanoribbon and nanotube (GNR16-CNT7), and (c) two nanoribbons (GNR16-GNR7).The insets show
the sliding geometries with the surface-to-surface separation distance of D0 = 3.4 Å.
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the magnitude of the interaction nor the strength of the
corrugation correctly. In addition, corrugation effects are
directly related to the friction in the sliding CNT systems,
which have been estimated to be small compared to the
mutual VDW force.5 We suggest that modeling CNT oscilla-
tions and rotations has to be revised taking into account the
full many-mody force for more realistic modeling of the
sliding motion and friction losses in the system.

In summary, we have calculated VDW interactions be-
tween graphitic nanostructures, demonstrating the manifes-
tation of the relation between the inherently collective nature
of this phenomenon together with the anisotropy, geometry,
and mutual orientation of these materials. The total VDW
energy is several times stronger for planar systemsbecause of
the larger aspect ratio as compared to the VDW energy of
cylindrically circular nanotubes with similar size. The descrip-
tion of the interactions between finite-size CNTs and GNRs by
the London approach at distances comparable to the size of
the structures is not sufficient. Due to its isotropic atomic
distance dependence, the two-body interaction is much too
smooth to capture the relative alignment effects of the
graphitic surfaces. This is most pronounced for axial sliding
forwhich there is a greater surface overlap. Simply adding the
first few contributions coming from the three- and four-body
terms does not provide any improvements; rather, they give
even larger deviations from the total energy in terms of
overscreening or underscreening depending on the consid-
ered particular structures and orientations. Thus, long-ranged
interactions between graphitic nanostructures are of truly
collective nature. Therefore, all many-body interactions are
necessary in order to capture the correct magnitude and
corrugation of the VDW interactions between graphitic na-
nostructures.
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