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Abstract
A double wall carbon nanotube oscillator near an infinite surface with the nanotube axis
perpendicular to the surface is investigated. The oscillatory motion is governed in part by the
van der Waals forces in the system, and we use the Lennard-Jones approximation for their
calculation. In addition, friction losses due to the proximity of the oscillating nanotube near the
infinite surface are taken into account using a phenomenological model. Newton’s equation is
solved and the oscillatory motion is studied as a function of the nanotube–surface distance, the
nanotube length, and the initial extrusion of the moving nanotube. A practical device for surface
profiling is also proposed.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

Carbon nanotubes (CNT) are seamless quasi-one-dimensional
structures with unique properties. CNTs have received much
attention due to their potential applications as integrated
nanoscale elements in various devices. Low-friction, low-wear
multiwall CNT bearings, demonstrated first by Cummings and
Zettl [1], are of particular interest. Their work showed that if an
inner tube from a double wall nanotube is extruded with respect
to the stationary outer tube, the inner tube can easily slide or
rotate due to the intertube van der Waals (vdW) interaction.
Such devices were reported to have very low friction—at least
two orders of magnitude smaller than the vdW force [2–5].

These results led to the proposal of the nano-oscillator
concept, where an inner tube from a finite length double
wall CNT oscillates inside an open ended stationary outer
nanotube. The estimated frequency was found to be in the
GHz range [6]. This concept was later extended to systems
with a C60 fullerene [7] or a spheroidal fullerene [8] oscillating
inside a single wall CNT, a nanotorus [9] oscillating outside
a stationary single wall CNT, or two inner tubes from a triple
wall CNT oscillating inside the stationary outer one [10].

Molecular dynamics (MD) simulations have confirmed the
GHz regime of the CNT oscillator [11]. MD studies also
have revealed that the structure of the double CNT oscillator
has a profound effect on the energy dissipation processes
of nanotube-based oscillating systems. It was shown that

although dissipation is much less than the vdW interaction,
it can further be reduced by varying the size and chiralities
of the nanotubes. For example, for shorter oscillating tubes
(length less than 30 Å) an off-axial rocking motion occurs
when the inner tube is pulled out at a distance larger than a
certain extrusion length (about 1/3 out of the outer tube) [2].
Also, for stationary longer outer tubes with lengths greater than
30 Å, energy is transferred from the translational oscillation
of the moving tube to vibrational modes through wavy radial
deformations of the outer tubes, when the length of the inner
tube is longer than or comparable to the characteristic length
scale of the outer tube wavy motion [2]. The dissipation is
stronger for commensurate systems (e.g. armchair/armchair
or zigzag/zigzag) and weaker for incommensurate systems
(e.g. zigzag/armchair) [12]. Nevertheless, it was found that a
smooth and low-frictional oscillatory motion can be achieved
if the difference in radii between the two tubes is ∼3.4 Å, the
two tubes are incommensurate, and the initial extrusion of the
oscillating tube is less than 1/3 out of the outer tube.

However, sustaining the CNT oscillatory motion over
long periods of time remains a challenging problem. It was
proposed, that one needs to supply an external energy to the
system by applying an external electric field [1, 6, 13], in which
case the tubes must be electrically charged. A possible way to
achieve this is through chemical doping. Another proposal is
magnetically driving the inner tube [11], in which case one
needs a combination with an outer semiconductor tube and

0957-4484/08/435702+08$30.00 © 2008 IOP Publishing Ltd Printed in the UK1

http://dx.doi.org/10.1088/0957-4484/19/43/435702
mailto:apopesc2@mail.usf.edu
mailto:lwoods@cas.usf.edu
http://stacks.iop.org/Nano/19/435702


Nanotechnology 19 (2008) 435702 A Popescu et al

an inner metallic tube. In this case, the magnetic field can
selectively and controllably be applied to the metallic tube.

In the present work, a different possibility of using
a double wall CNT oscillator is explored. We present
calculations investigating the oscillatory motion of an inner
tube from a double wall CNT when the outer tube is kept
stationary near a sample surface. The CNT is oriented with
its axis perpendicular to the sample surface. Possible losses
in the motion process due to the proximity of the surface are
also included in the calculation through a phenomenological
friction parameter. We find that the distance between the
surface and the double wall nanotube can influence the motion
significantly. The role of the length and the initial extrusion
of the moving tube are also investigated. Our results allow
us to propose that such features can be utilized to evaluate
the smoothness of surfaces. By calculating the oscillatory
characteristic times as a function of the relative distance to the
studied surface, the CNT oscillator is proposed to be used as a
surface profiling device in a similar manner as an atomic force
microscope (AFM) tip operating in non-contact mode.

The paper is organized as follows. In section 2, the system
and the model for the calculations are described. In section 3
we give the results from the calculations and subsequent
discussions. Section 4 is left for conclusions.

2. Model

Consider an open ended double wall CNT consisting of inner
and outer tubes with radii R1 and R2, and with lengths 2L1 and
2L2, respectively. Let the carbon bonds at the ends be saturated
to prevent chemical reaction with the environment [14]. Let
the outer tube be stationary and the inner one be extruded from
the outer one along their common axis at some initial distance.
This can be done, for example, by electrostatically telescoping
the inner tube using the procedure outlined in [15], where CNT-
based non-volatile memory devices were considered. The inner
tube is released and due to the mutual van der Waals (vdW)
force, the tube can oscillate in time [6]. We refer to this case as
‘free oscillation’.

Next, consider the case when the double wall CNT is
brought to a close proximity of a sample modeled as an infinite
slab with thickness Ls. The configuration is such that the axis
of the tube is perpendicular to the sample surface as shown
on figure 1. The inner tube is extruded from the outer one
at some initial position −s and then released from rest. The
forces governing the motion in this case are the vdW force
in the double wall CNT and the vdW between the CNT and
the sample. In addition, there is a friction force between the
surface and the moving tube due to tube–surface dissipation
processes [16]. The motion of the inner tube is oscillatory
again, but it has different characteristics as compared to the
free oscillation case. For the free oscillation, the inner tube
will oscillate between −s and s. When the sample is present,
the oscillation will be between −s and z0, f �= s, where z0, f

is determined by the repulsive part of the vdW interaction
between the tube and the sample and the dissipation force.
This in turn will cause changes in the oscillation motion as
compared to the free oscillation motion.

Figure 1. Schematic drawing of a double wall CNT oscillator near a
sample surface. The inner and outer tubes with radii R1 and R2, and
lengths 2L1 and 2L2 have the common z-axis perpendicular to the
sample of thickness L s. The distance between the outer fixed tube
and the sample is d . The displacement of the inner tube is denoted as
z0. Two typical points located on the two tubes have the coordinates
(R1, ϕ1, z1), (R2, ϕ2, z2) and their relative distance is ρ1−2. A point
within the sample is described with (rs, ϕs, zs) and its relative
distance to a point on the moving inner tube is ρ1−s .

To examine the motion of the inner tube from figure 1,
we first describe the vdW interactions in the system. For
this purpose, we adopt the pairwise additive Lennard-Jones
(LJ) type of vdW potential for extended systems [17, 18].
The LJ approach has been widely used in calculating the
vdW interaction in carbon structures because of its relative
simplicity and satisfactory results when compared with
experimental data. It is found that the LJ–vdW potential is
suitable for parallel single walled CNT [18, 19], multiwall
CNTs [20], fullerenes inside single walled CNTs [21], and
radially deformed single [22] and multiwall CNTs [23]. Also,
the LJ model has been applied in calculating the oscillatory
frequency and describing the characteristic behavior of various
CNT oscillator systems [6–10]. These were later confirmed by
MD simulation studies [2, 10, 11, 24].

The total LJ–vdW potential, and consequently the vdW
force, in the system consist of adding the contributions from
the interaction between the inner and outer tubes, between the
inner tube and the sample, and between the outer tube and the
sample. The motion of the inner tube is affected only by the
first two contributions, thus the interaction between the outer
tube and the sample is not considered here.

The general form of the LJ vdW interaction is given as

V = n1n2

∫ ∫ (
− A

ρ6
+ B

ρ12

)
dV1 dV2 (1)

where n1 and n2 represent the atomic volume densities of the
two interacting objects, and dV1 and dV2 are the corresponding
volume elements, separated by a distance ρ [18]. The constants
A and B are the Hamaker constants, which depend on the
materials of the two interacting bodies. The total vdW
interaction potential and the force associated with it for the
moving inner tube from figure 1 are, respectively

V = V1−2 + V1−s, (2)

FvdW = −dV/dz0 (3)
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V1−2 is the tube–tube interaction and V1−s is the inner tube–
sample interaction. The appropriate expressions are found to
be

V1−2 = 4π2σ 2
0 R1 R2
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dz1
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×
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(5)

where A and B are the Hamaker constants. The atomic density
for the two tubes is n1 = n2 = σ0 = 4√

3a2 with a = 2.49 Å
being the graphene lattice constant, and the atomic density for
the sample is ns. F(a, b, c; d) represents the hypergeometric
function. Also,

η1 = (R1 − R2)
2 + (z0 + z1 − z2)

2, η2 = R1 R2 (6)

ξ1 = (rs−R1)
2+(L2+d+zs−z1−z0)

2, ξ2 = rs R1. (7)

Details of the formal derivation of equations (4) and (5) are
given in the appendix.

In this model we assume that the forces responsible for the
energy dissipation processes between the tubes are negligible
compared to the vdW force. This assumption is supported
by the fact that the friction between the nanotubes is at least
two orders of magnitude less than the vdW interaction [2–5].
In addition, the structure parameters, such as the chiral
combination of the tubes, their radii and lengths, and the initial
extrusion of the mobile tube, can be chosen in such a way
as to further minimize the intertube energy dissipation and to
make the oscillatory motion dynamically stable [2, 12]. Also,
experimental measurements have shown that even defective
oscillating tubes maintain their ultralow friction [5].

The presence of the sample is another source of energy
loss in the oscillatory motion. In fact, the oscillating tube near
an infinite surface is an example of a system with non-contact
friction [25]. The origin of such friction has been related to
vdW interactions, to the creation of collective excitations, such
as phonons, or to the spatial variation of the surface potential
when an external voltage bias is applied. As a result, there
is damping associated with a friction force—Ffr = mγ v,
where m is the mass of the object, v is the velocity and γ

is the friction coefficient. Much effort has been devoted in
calculating γ due to the various forces. Using the results for
γ summarized in the most recent review [25], we find that
the dominant contribution to the friction is determined when
the oscillating tube is in the close vicinity of the equilibrium
position of the tube with respect to the surface. In this
case, the tube creates stress which excites acoustic waves on
the sample. Calculations of the friction parameter due to
this phenomenon were done in studies related to non-contact
atomic force microscopy, molecule adsorbates on surfaces, and
Brownian motion of molecules on surfaces [16, 22, 25–27].

The vdW interaction itself between the tube and the surface
can also give rise to friction. However, following the results
from [25], for a cylindrical object γ ∼ 1/d7, and we estimate
that in this case Ffr is even smaller than the intertube friction.

Therefore, in our model we take that the friction force in
the system is mainly due to the excitations of acoustic waves
in the sample, when the oscillating tube comes close to the
surface, and it is described by the following phenomenological
expression:

Ffr = −mγ ż0	(z0 − zc) (8)

where m is the mass of the moving tube and γ is the appropriate
friction coefficient. 	(z) is the Heaviside step function with
z0(t) being the displacement of the inner tube along the z-axis.
The friction is effective only within the region described by
a cut-off distance zc ≈ 5 Å from the vdW barrier from the
sample.

Then the motion of the inner tube as a function of time is
described by the second Newton’s law as

mz̈0 + mγ ż0	(z0 − zc) = FvdW (9)

where ż0 = dz0(t)/dt, z̈0 = d2z0(t)/dt2.

3. Results and discussions

We present the results from our calculations for the nanotube
oscillator system from figure 1. These involve obtaining
the potential from equation (2) governing the motion of the
inner tube, the vdW force corresponding to this potential,
and solving the equation of motion from equation (9). In all
numerical calculations shown here, the sample is taken to be
semi-infinite Ls → ∞. Also, its volume atomic density ns is
taken to have the same numerical value as the surface atomic
density σ0 for the CNT. The coefficients A = 15.2 eV Å
and B = 24 × 103 eV Å are taken to be the same as the
ones for a graphene–graphene system [18]. Choosing a finite
width of the sample or another value for the atomic density,
or the Hamaker constants, does not change qualitatively the
oscillatory behavior of the system described below.

3.1. The vdW potential and force of the CNT/sample system

We consider the double wall (5, 0)@(7, 9) carbon nanotube
with corresponding radii R1 = 1.95 Å and R2 = 5.44 Å
and the common z-axis perpendicular to the sample surface—
figure 1. The tubes are chosen to have the same lengths
2L1 = 2L2 = 70 Å. The oscillation is initiated by pulling
out the inner tube to an initial extrusion position −s from the
stationary outer tube and releasing it from rest.

We have chosen this particular double wall CNT due to the
following reasons. First, recent MD simulation studies have
shown that the energy dissipation in incommensurate systems
is lower than the energy dissipation in commensurate ones [12].
This is an incommensurate system. Second, the difference in
the (5, 0)@(7, 9) radii is ∼3.5 Å which is very similar to
the required 3.4 Å radial difference for a dynamically stable
motion according to [10, 11]. In order to avoid the off-axial
rocking motion and thus further reduce the energy dissipation
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(b)

(a)

Figure 2. (a) The vdW potential and (b) the vdW force of the
moving tube as a function of its displacement along the z-axis for
different distances between the semi-infinite sample and the edge of
the outer fixed tube. The dashed horizontal line in (a) represents the
excess energy level.

in the system, the extrusion length must not exceed 30% of the
total tube length as shown in [10]. Here, the initial extrusion
length is taken to be |s| = 7.5 Å, which is approximately 11%
of the total tube length. The excess energy, defined in [2, 10],
of the moving tube corresponding to the extrusion of 7.5 Å is
|E0| = 10.5 meV/atom.

The vdW potential of the inner tube is calculated
according to equations (2), (4) and (5) and it is shown in
figure 2(a) for several locations of the semi-infinite sample with
respect to the edge of the fixed outer tube. The potential for the
free oscillation is also shown indicating that the motion of the
tube is between −7.5 and 7.5 Å in this case. Figure 3 shows
that when the sample is at d > 11.5 Å, the potential of the
oscillating tube in the region z0 ∈ [−7.5, 7.5] Å is the same as
the one for the free oscillation. For d < 11.5 Å, the influence
of the sample becomes apparent and the characteristic shape of
the vdW potential with an attractive and a repulsive regions is
obtained within z0 ∈ [−7.5, 7.5] Å. We find that the minimum
of V1−s always occurs when the distance between the edge
of moving tube and the sample is ∼2.5 Å. Thus bringing
the sample closer causes the position of the V1−s potential
minimum to appear closer to the edge of the stationary tube
and its repulsive tail has stronger effect on the motion of the
inner tube. The curve for d = 0 Å corresponds to the limiting
case of the outer tube being in contact with the sample surface.

The corresponding vdW force acting on the moving tube
is calculated using equations (2) and (3). The results are shown

Figure 3. Displacement of the moving tube along the z-axis as a
function of time for different values of the friction coefficient γ . The
distance between the sample and the edge of the outer tube is taken
to be d = 15 Å.

in figure 2(b). One sees that for the free oscillation, the force
has a constant value region (F = 0.62 nN) followed by a linear
region and again by a constant value region (F = −0.62 nN).
When the sample is at d < 11.5 Å, FvdW has an additional non-
linear contribution corresponding to the attractive and repulsive
parts of the vdW potential from the sample.

We also examined the main contribution to the value of the
numerical integration of the vdW potential due to the sample
surface (equation (5)). We find that for all d , it is determined
primarily by a rather localized circular region from the sample
with radius rs � 5R1 ∼ 1 nm. The rest of the surface
sample contributes less than 1% to the numerical integration of
equation (11). Thus the vdW interaction and consequently, the
oscillatory behavior of the nanotube oscillator are determined
mainly by a relatively limited circular region of the sample.

We calculated the vdW potential and force for other
double wall nanotube oscillating systems. These include
nanotubes with different chiralities, lengths, and extrusions. In
all cases the main contribution to the tube–surface interaction
comes from a localized region from the sample with rs � 5R1.
Also, the vdW potential and force have similar shapes as the
ones shown in figure 2. However, the absolute value of the
minimum of V (maximum of F) decreases for longer tubes,
and the linear regions for V and F extend over larger distances
for larger extrusions.

3.2. CNT motion

The CNT motion in terms of its displacement and velocity
as a function of time is obtained by solving equation (9)
numerically, which involves the coefficient γ describing
the friction due to the acoustic wave excitations in the
sample [25–29, 31]. To estimate γ , we use the analytical
expression for the coefficient of friction of an oscillating
molecule near a surface reported as equation (37) in [26] −γ =
mω0ξ⊥

8πρ
(ω0

cT
)3, where m is the mass of the molecule oscillating

perpendicular to the sample surface, ω0 is the oscillation
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frequency, ρ is the mass density of the sample, cT is the
transverse sound velocity in the sample, and ξ⊥ = 3.29. This
expression takes into account the vibrational energy relaxation
of the molecule motion due to acoustic wave excitations in the
sample. In our case, m is the mass of the oscillating tube which
is estimated as a sum of the masses of the C atoms comprising
the tube, and ω0 is taken to be the frequency of ‘free’
oscillations of that tube. We find that γ ∼ 109, 1010 s−1 for
several metallic systems (we used ρ and cT for Al, Cu, Au, and
Fe), and γ ∼ 108, 109s−1 for several semiconducting systems
(we used ρ and cT for Si, GaAs, and GaN). Such values
have also been reported experimentally for various metallic
and semiconducting materials [28–32]. The most recent and
relevant one here is [31], where synchrotron infrared radiation
experiments of fullerenes approaching metallic surfaces have
determined γ ∼ 109 s−1.

To illustrate our next results, we take the (5, 0)@(7, 9)
double wall nanotube with lengths 2L1 = 2L2 = 150 Å. The
initial extrusion is |s| = 30 Å, which corresponds to 20% of
the initial tube length. The excess vdW energy is |E0| = 18 eV.
In this case, the vdW force due to the infinite surface sample
affects the motion of the inner tube if 0 � d � 35 Å. In
figure 3 we show how z0 changes in time for three values of
the friction parameter when the outer tube is at d = 15 Å from
the surface.

The figure shows that the CNT motion has two
characteristic regions: damped oscillatory region and ‘friction-
free’ oscillatory region. The damping occurs over a certain
time interval—�tγ , and we find that �tγ ∼ 0.3 μs for γ =
1010 s−1, �tγ ∼ 1 μs for γ = 109 s−1, and �tγ ∼ 20 μs for
γ = 108 s−1. This is explained by realizing that every time the
inner tube comes close to the surface, it looses some energy
and it does not reach the same distance from the surface the
next time. However, since the friction is effective only when
the tube is in the vicinity of the surface (determined by zc),
the energy loss process continues until the tube is far enough
from the sample surface. After that the friction process is not
effective any more and the tube oscillates freely but with less
energy (determined by γ ) than the initial energy. For larger γ

more energy is lost at each step, therefore �tγ is shorter.
We also investigate the time dependence of z0 and the

corresponding velocity v for the first few periods in order to
determine how the sample surface affects the motion of the
tube at smaller timescale. The friction coefficient is chosen to
be γ = 109s−1—figures 4(a) and (b). For d > 35 Å the surface
is too far from the tube and the motion is determined mainly
by F1−2. The velocity has linearly increasing and decreasing
portions corresponding to the appropriate segments of the vdW
force between the tubes—figure 4(b). As the surface is brought
closer, the duration of each period of z0 is shortened with
the shortest time for one cycle corresponding to d = 0 Å.
The attractive part of F1−s causes the tube to accelerate and
non-linear features of v are found when the tube is near the
minimum of F1−s . There the tube is accelerated for a short
time, and then it is quickly repelled by the repulsive part at
a distance ∼2 Å from the sample surface. The velocity of
the tube reverses its direction and the oscillating tube starts
accelerating in the opposite direction. The motion process is
repeated in reversed order.

Figure 4. (a) Displacement and (b) velocity of the oscillating inner
tube as a function of time for different locations of the semi-infinite
sample with respect to the edge of the outer tube for γ = 109 s−1.

3.3. Characteristic times

The results obtained so far allow us to investigate some
characteristic times as a function of different parameters of
the system. We focus on the time of the first period of the
oscillations T1, and the time of each period Tf after the inner
tube has reached the regime of friction-free oscillations (after
time �tγ ) following the initial loss of energy due to the friction.
In figures 5(a) and (b), we give the results for 1/T1 and 1/Tf

for tubes with two lengths for different values of the friction
coefficient. The initial extrusion for the shorter tubes is 7.5 Å,
while for the longer ones is 30 Å.

It is interesting to see that the proximity of the surface has
a rather profound effect on both 1/T1 and 1/Tf. Figures 5(a)
and (b) show that there is a trend of increasing of 1/T1 and
1/Tf as the sample surface is brought closer to the tube. The
changes are more dramatic for the shorter tubes but they are
over a shorter distance d range since the inner tube can be
extruded at smaller s as compared to the longer one. In both
cases there is a free oscillation regime, also determined by the
restrictions imposed by the initial extrusion. For L = 70 Å
when d > 12 Å, the tube behaves as a free double wall
oscillator, while for L = 150 Å the free oscillatory behavior is
realized when d > 35 Å.

Considering figure 5(a), one sees that in the vicinity of
d ∼ 11 Å (shorter tubes) and d ∼ 34 Å (longer tubes) there
is a decrease in 1/T1. We explain this with the location of
the tube–surface vdW potential minimum being very close to
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Figure 5. (a) Inverse of the time T1 for the tube to undergo the first
complete cycle starting from rest for different γ and (b) inverse of
the period Tf of oscillations after the tube has reached the
friction-free regime, as a function of the distance d .

the stopping position of the moving tube. There the nanotube
is attracted by the sample and it is slowed down as a result.
Thus the tube spends extra time around that location before it
is suddenly repelled by the repulsive vdW part resulting in a
reversal of the motion. As the sample is brought closer to the
edge of the stationary tube, the influence of the repulsive part
from the vdW potential becomes more significant and a rather
large increase in 1/T1 and 1/Tf is found. In fact, the period for
the first cycle of oscillations for the shorter and longer tubes
can be changed by more than two times by bringing the surface
at the very edge of the stationary tube (d = 0 Å).

Similar changes are found in figure 5(b), showing 1/Tf

versus d dependence. When the surface is in the close
proximity of the surface (d < 12 Å for the shorter and
d < 35 Å for the longer tubes), the oscillating tube loses some
of its initial energy due to the friction. The loss continues
until the tube is able to extrude at a distance z0(t) < zc ,
after which it becomes a friction-free double wall nanotube
oscillator. The region of these oscillations is determined by the
combined effect of the friction and the position of the surface–
tube vdW potential. We suggest that in this case 1/Tf is defined
as the frequency of oscillations. Figure 5(b) shows that for
both, shorter and longer tubes, the frequency can be changed
by more than two times by bringing the surface at the edge of
the outer tube.

Another feature that we see from figure 5(a) is that the
role of the friction on the characteristic 1/T1 time is relatively

Figure 6. Schematic illustration of the proposed configuration to
monitor the motion of the oscillating inner nanotube.

small. It is well known that friction does not affect very
much the time for the first several periods of a mechanical
underdamped oscillator while it can change significantly its
amplitude [33], and this is what we obtain in figures 3 and 5(a).
For the friction-free oscillations regime after the initial loss of
energy, the tube is not affected by γ any more. If γ is small, the
tube has not lost much energy and it oscillates in a relatively
large distance region (determined also by the location of the
vdW minimum). If γ is large, the tube has lost more energy
and it oscillates in a smaller distance region. The net effect
is such that the oscillatory frequency is not affected by the
friction.

3.4. Surface profiling device

These findings suggest that a practical device for profiling of
surfaces might be proposed. The operation of such a device is
determined mainly by two factors: (i) some CNT characteristic
times show dramatic changes as a function of the tube–surface
distance d and are not affected by friction; and (ii) the main
contribution from the sample to the oscillatory motion comes
from a rather localized circular region ∼5R1. The goal is to
be able to measure the characteristic times and relate them to
the tube–surface distance. In figure 6 we show a schematic
drawing of a laser-detector system, where the change in the
beam intensity during the tube motion can be used for such
measurements.

Consider for example, the (5, 0)@(7, 9) double wall CNT
with 2L1 = 2L2 = 150 Å and a sample of specific material
characterized with atomic density σs, Hamaker constants A and
B , and a friction coefficient γ . The double wall CNT is brought
in the vicinity of the sample and the oscillatory motion is
initiated by extruding the inner tube by some initial distance s.
Then one can measure 1/T1 and relate it to a specific distance
d using the model described above. Similarly, 1/Tf can be
measured after the tube has reached the friction-free regime of
oscillation and can also be related to d using our model. Since
the oscillatory motion is determined mainly by the localized
sample region rs ∼ 1 nm in this case, the sample (or the tube)
is moved along the xy-plane parallel to another position rs. One
measures 1/T1 and/or 1/Tf again and relates them to d . Thus
repeating this process many times, allows one to map the shape
of the studied surfaces.

Different double wall CNT with various lengths and
chiralities can be used for such a device. Shorter tubes result in
more dramatic changes in 1/T , but they have lesser extrusion
capabilities thus surfaces with lesser roughness can be studied.
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Longer tubes result in less dramatic changes in 1/T , but they
can be extruded more, and surfaces with larger roughness can
be studied. In addition, for thicker tubes larger regions from the
sample will determine the vdW interaction and the oscillatory
motion. Thus for thinner tubes the step of surface mapping is
smaller resulting in a better in-plane resolution.

The double wall CNT oscillator can be viewed as an
alternative to an AFM tip for investigating surfaces. The main
difficulties come from accurately measuring the first period
of the oscillations and reinitiating the oscillatory motion.
However, there can be some advantageous features. Since
it operates in a non-contact mode, it can be virtually a non-
fatigued, non-wear system. Also, the interaction between
the oscillating nanotube and a rather localized region from
the surface (∼1 nm for the (5, 0)@(7, 9) CNT) makes it
equivalent to a very sharp AFM tip (a typical AFM tip has
a 10–20 nm size [34]), therefore it is possible to obtain a
higher in-plane resolution as compared to the best AFM ones.
Furthermore, the steep 1/T versus distance dependence slope
leads to the possibility of achieving a high perpendicular to
the surface resolution as well and, consequently, to profile
surfaces with relatively small roughness (less than 9 Å in our
example with the 2L = 70 Å system). Finally, the double
CNT oscillator can be used even if the nanotubes do not have a
perfect structure. This is suggested by experimental studies
showing that sliding nanotubes have the ability to absorb
induced damages and defects by self-healing mechanisms and
maintaining low dissipation processes [5].

4. Conclusions

In conclusion, we have investigated theoretically the oscilla-
tory motion of a double wall carbon nanotube in the vicinity
of an infinite surface, where the axis of the nanotube is per-
pendicular to the plane of the surface. We have calculated
the vdW potential and force using the pairwise LJ approxima-
tion. We also considered possible friction processes due to the
tube–sample interactions described with a phenomenological
friction parameter. The equation of motion was solved by tak-
ing into account the vdW and friction forces. Our calculations
show that the nanotube oscillatory behavior is profoundly af-
fected by the proximity of the sample surface. We also found
that certain characteristic times do not depend significantly on
the friction. These can be measured with existing experimental
capabilities. Based on these results, we propose a non-contact
device for profiling surfaces as an alternative to an AFM probe.
The possible limitations and advantages of such a device are
also explored.
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Appendix

For the tube–tube interaction, the integration is over the
surfaces of the nanotubes according to

V1−2 = σ1σ2

∫ 2π

0
dϕ1

∫ 2π

0
dϕ2

∫ L1

−L1

dz1

∫ L2

−L2

dz2

× R1 R2

(
− A

ρ6
1−2

+ B

ρ12
1−2

)
(A.1)

where ρ1−2 is the distance between two points located on the
two tubes as shown on figure 1:

ρ2
1−2 = (xout − xin)

2 + (yout − yin)
2 + (zout − zin)

2. (A.2)

The corresponding coordinates for the inner (denoted as
in) and outer (denoted as out) tubes are

xin = R1 cos ϕ1 xout = R2 cos ϕ2

yin = R1 sin ϕ1 yout = R2 sin ϕ2

zin = z1 + z0 zout = z2

(A.3)

ϕ1 and ϕ2 are the azimuthal angles for each tube (shown in
figure 1). Further, the expression for the tube–tube vdW
interaction in equation (A.1) can be re-written using that the
distance between two typical points located on the two tubes
represented as

ρ1−2 = (η1 + η2 sin2 x)1/2, x = ϕ1 − ϕ2

2
.

η1 and η2 are given in equation (6). Then, the integration over
the first angular variable in equation (A.1) is performed, and
one obtains integrals of the following form:

Im = 2
∫ π− ϕ2

2

− ϕ2
2

1

(η1 + η2 sin2 x)m
dx

with m = 6 and 12. Without loss of generality we can take
ϕ2 = 0, and the integrals become

Im = 4
∫ π

2

0

1

(η1 + η2 sin2 x)m
dx . (A.4)

By substituting t = cot x in (A.4), one obtains

I2n = 4

(η1 + η2)n

∫ ∞

0

(t2 + 1)n−1

(η3t2 + 1)n
dt (A.5)

where η3 = η1

η1+η2
, n = m

2 . By substituting further t = z√
1−z2

in (A.5):

I2n = 2

(η1 + η2)n

∫ 1

0

(1 − z2)−1/2(
1 − z2(1 − η3)

)n dz. (A.6)

Using the definition of the hypergeometric function [35]:

F(α, β, γ ; z) = 1

B(β, γ − β)

×
∫ 1

0
tβ−1(1 − t)γ−β−1(1 − tz)−α dt
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where B(x, y) is the beta function [35]:

B(x, y) = 2
∫ π/2

0
sin2x−1 ϕ cos2y−1 ϕ dϕ

and making the substitutions α = n, β = 1
2 , γ = 1, z = η2

η1+η2
,

one obtains

I2n = 2π

(η1 + η2)n
F

(
n,

1

2
, 1; η2

η1 + η2

)
(A.7)

Using the transformation formula [35]

F(α, β, γ ; z) = (1 − z)α F

(
α, γ − β, γ ; z

z − 1

)

one finds equation (4).
The interaction between the inner mobile tube and the

sample can be written as

V1−s = nsσ0

∫ 2π

0
dϕ1

∫ 2π

0
dϕs

∫ L1

−L1

dz1

∫ Ls

0
dzs

∫ ∞

0
drsrs

× R1

(
− A

ρ6
1−s

+ B

ρ12
1−s

)
. (A.8)

The integration is done over the surface of the CNT and
the volume of the sample. ρ1−s is the distance between two
points located on the two objects according to figure 1:

ρ2
1−s = (xsample − xin)

2 + (ysample − yin)
2 + (zsample − zin)

2.

The corresponding coordinates for the moving tube are given
in (A3), and the corresponding coordinates for the sample are

xsample = rs cos ϕs, ysample = rs sin ϕs,

zsample = L2 + d + zs.
(A.9)

The integration over the angular variables can be done in
a similar manner as shown in equations (A.4)–(A.7), thus one
obtains equation (5) for the tube–sample interaction.
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